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Abstract：The phase transition of nuclei with increasing angular momentum (or spin) and excitation

energy is one of the most fundamental topics of nuclear structure research. The odd-N nuclei with A≈160

are widely considered belonging to the well-deformed region, and their excitation spectra are energetically

favored to exhibit the rotational characteristics. In this work, however, the evidence suggesting that the

nuclei changes from rotation to vibration along the yrast lines as a function of spin was found. The simple

method, named as E-Gamma Over Spin (E -GOS) curves, would be used to discern the evolution from

rotational to vibrational structure in nuclei for various spin ranges. Meanwhile, in order to understand

the band structure properties of nuclei, theoretical calculations have been performed for the yrast bands

of the odd-A rare-earth nuclei within the framework of the total routhian surface (TRS) model. The TRS

plots predict that the 165Yb and 157Dy isotopes have large quadrupole shapes at low spin states. At higher

rotational frequency (~ω >0.50 MeV), a clear reduction of the quadrupole deformation is indicated by the

present results, and the isotopes become rigid in the γ deformation.
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1 Introduction

The phase transition as a function of spin is one

of the most significant topics in nuclear structure re-

search. This transition is intimately related to the

mechanisms how atomic nuclei generate angular mo-

mentum. Recently, an abundance of observed phe-

nomena connected with different collective band struc-

tures are well established by means of in-beam γ–ray

spectroscopy
[1–3]

. The different characteristics of the

excitation spectra manifest their angular momentum

generation in different ways. For a nonspherical nu-

cleus, the excited states can be formed by collective

vibration or rotation motions, and a subtle rearrange-

ment of only a few nucleons among the orbitals near

the Fermi surface can result in completely different

collective modes
[4]
. A simple method, so called the E-

Gamma Over Spin (E-GOS) curve proposed by Regan

et al.
[5]
, has been used to distinguish directly between

collective vibration and rotation excitations. Based on

this prescription, a clear structure evolution from vi-

bration to rotation with spin increasing was confirmed

in the yrast cascades of the even-even nuclei in A∼110

region
[5–6]

.

As is well known, nuclei in the mass region 150<

A< 190 are considered belonging to the well-deformed

region, and then one may infer that the yrast band

consequently exhibits a rotational structure. Some re-

cent findings
[7]
, however, have given the evidences for

a particularly interesting phenomenon for even-even

nuclei in this mass region, i.e., the evolution from ro-

tation to vibration with the spin increasing, observed
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in the excitation spectra. Generally, the excited states

of the odd-A nuclide can be considered as a quasi-

particle coupling weakly to the respective core exci-

tations. Therefore, one may have a good chance to

observe the similar structure transition as their neigh-

boring even-even nuclei in the area of 150< A <190.

In this work, the collective modes of an odd-A nu-

cleus as a function of spin were investigated, and the

mechanism of this phase transition was discussed in

the framework of the cranked shell model.

2 The E-GOS curve method

The concept of the E-GOS prescription has been

applied to discern the structure evolution from vibra-

tion to rotation in nuclei as increasing spin
[5]
. In this

method, the ratio of Eγ(I→I-2)/I can provide an ef-

fective way to distinguish the axially symmetric ro-

tational and harmonic vibrational modes
[5]
. For the

harmonic vibrator, this ratio decreases towards zero

ultimately, whereas for the axially symmetric rotor it

turns to a constant value of 4[~2/2J ] with spin increas-

ing, where J is the static moment of inertia. As an

example, the E-GOS curves for a perfect harmonic vi-

brator and axially symmetric rotor with assuming the

first excitations of 500 and 100 keV, respectively, are

shown in Fig. 1(a). This prescription can be used as a

quite good signature to discern the transition from vi-

brational to rotational structure in nuclei as a function

of spin. Therefore, we expect that the ratio Eγ(I → I-

2)/I can also distinguish the transition from rotational

to vibrational motions. For the reader’s convenience,

the typical corresponding E-GOS curve for the axially

rotational to vibrational structure evolution along the

yrast line is also presented in Fig. 1(b), which is just

the same as the Fig. 1(c) in Ref. [7]. In odd-A sys-

tems, however, the effect of the bandhead spin should

be taken into account. Then, the E-GOS prescriptions

can be addressed by substituting the spin (I) by a nor-

malized spin minus the bandhead spin projection on

the axis of symmetry, K, such that I → (I−K). For

good rotors, the E-GOS prescription for odd-A sys-

tems then becomes
[8]

R(I)=
Eγ

I
→ ~

2J

(4I−2)

I
→ ~2

2I

[4(I−K)]−2

(I−K)
. (1)

For convenience, the spin I in expression (1) is replaced

by I−K. The above formula can be written as

R(I−K)=
Eγ−

(
4K ~2

2J

)
I−K

=
Eγ−KRK+2

I−K
. (2)

Fig. 1 (color online) (a) E-GOS curves for a perfect harmonic vibrator and axially symmetric rotor. (b) The
characteristic of E-GOS plot for the axially rotational to vibrational shape transition with spin increasing.

Fig. 2 shows the E-GOS plots for the odd-N iso-

topes in the mass region around A=160. The data are

taken from Refs. [9–27]. By comparing with the E-

GOS curve characteristics presented in Fig. 1(b), the

E-GOS plots of 155Gd,155−161Dy and 157−167Er shown

in Fig. 2 present a clear evolution from rotational to vi-

brational excitations along the yrast line with increas-

ing spin. Normally the Ytterbium and Hafnium iso-

topes given in Fig. 2 are considered belonging to the

well-deformed region, and the good rotational energy

spectra should be observed in these nuclei, and then

every nucleus consequently exhibits a band structure

with the yrast rotational band. So it is interesting to

see that the yrast bands of 165−171Yb and 171Hf have

the vibrational characteristic at the lower-spin region,

whereas it has a rotational pattern with higher spin.

Particularly, it should be mentioned that the results for

the highest spins (last four points) of 167Yb, 171Hf and

(last three points) of 165Yb in Fig. 2 point to an inter-

esting aspect, the E-GOS curve in this region changes

into the hyperbola expected for a vibrator. This sug-

gests that above spin 35 there is again a change to
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Fig. 2 The E-GOS curves of the odd-A nuclei in the mass region around A=160.
The data are taken from Refs. [9–27]. Kdenotes the value of bandhead.

the vibrational region in these three nuclei. In other

lighter Ytterbium and Hafnium isotopes shown in

Fig. 2, however, the E-GOS plots of 159−163Yb and
165−169Hf also present the transition from rotation to

vibration in some spin region.

3 Calculations and discussions

It is well known that the nuclear shapes are suscep-

tible to the increased angular momentum. To gain an

insight into the phase transitions and understand sys-

tematically the microscopic origin of these interesting

phenomena, the total-routhian-surface (TRS) calcula-

tions was performed based on the nonaxial deformed

Woods-Saxon potential
[28]

in a three-dimensional de-

formation space (β2, γ, β4)
[29]

. In this method, both

monopole and quadrupole pairings are included
[30–31]

.

To compare with the data, the relation between the fre-

quency ~ω and angular momentum I can be expressed

as
[32]

~ω(I)= E(I+1)−E(I−1)

Ix(I+1)−Ix(I−1)
, (3)

where E and Ix are the level energy of state I and

component of angular momentum along the axis of ro-

tation, respectively. The Ix is given by
[32]

Ix(I)=
√

I(I+1)−K2 ≈

√(
I+

1

2

)2

−K2, (4)

in which K is the bandhead spin. At a given frequency,

the deformation of a state is determined by minimizing

the calculated TRS.



· 246 · 原 子 核 物 理 评 论 第 35卷

The shape calculation results for two types of tran-

sition in the yrast bands of 157 Dy and 165Yb were pre-

sented in Figs. 3 and 4, respectively. The calculations

show that the low-lying configurations in 157Dy exhibit

a stable prolate deformation of β2 ≈0.30 and a triax-

iality parameter of γ ≈22.00, and the rotation exci-

tations are expected to be favored at low frequencies,

which is consistent with the E-GOS curve character-

istic of 157Dy given in Fig. 2. At higher rotational

frequency (~ω>0.5 MeV), an obvious reduction of the

quadrupole deformation is observed by the theoretical

prediction. The same result was reported in Ref. [33]

according to the measurement of B(E2) values. Al-

though the reduction of the deformation with increas-

ing spin was predicted by the calculations, the min-

imum is also become more rigid given in Fig. 3. It

indicates that the collective vibration is hard to de-

velop, which is different from the E-GOS curve prop-

erty observed in 157Dy at higher spins. As shown in

Fig. 4, the nucleus 165Yb is predicted to be prolate

with a quadrupole deformation of β2= 0.266 and a

triaxiality parameter of γ = −120◦ at rotational fre-

quency ω=0, which corresponds to ground state in

165Yb. In addition, it should be pointed out that when

the rotational frequency ω = 0, i.e., the nucleus is

static, the case with γ = −120◦ is equivalent to the

one with γ = 0◦, namely, axially symmetric prolate

shape. As spin increasing, a stable prolate deforma-

tion was observed in 165Yb with the rotational fre-

quency of ~ω< 0.60 MeV, whereas a distinct decrease

in the quadrupole deformation and a triaxiality param-

eter of γ=−7.525◦ were predicted at higher rotational

frequency (~ω=0.80 MeV) by the calculations. There-

fore, it is reasonable to expect that the yrast band of
165Yb is in good rotational at low and medium angular

momenta. In this work, however, when we discuss it

in another way, i.e., the E-GOS curve is used for the

yrast band, an obvious evolution from vibrational to

rotational structure is found in 165Yb with increasing

spin. This indicates that there is risk of simply assum-

ing the rotational-based concepts over the entire spin

range for nuclei which are not statically deformed.

As discussed above, it is found that the nu-

clear shape is strongly angular momentum dependent.

Moreover, the energies of various levels in the rare-

earth nuclei are considered to follow very closely the

Fig. 3 Total routhian surfaces plots for the lowest (π, α) = (+, +1/2) configuration of 157Dy. The energy contours
are at 200 keV intervals. The deformation parameters for the individual minima are: (a) ~ω = 0.0 MeV, β2 =
0.311, β4 =−0.090, and γ =22.838◦; (b) ~ω=0.10 MeV, β2 =0.309, β4 =−0.091, and γ =22.499◦; (c) ~ω=0.20
MeV, β2 = 0.310, β4 =−0.090, and γ = 21.756◦; (d) ~ω = 0.40 MeV, β2 = 0.340, β4 =−0.089, and γ = 22.604◦;
(e) ~ω = 0.60 MeV, β2 = 0.176, β4 =−0.097, and γ = 13.175◦; (f) ~ω = 0.80 MeV, β2 = 0.171, β4 =−0.097, and
γ=13.765◦.
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Fig. 4 Total Routhian surfaces plots for the lowest (π, α) = (-, +1/2) configuration of 165Yb. The energy contours
are at 200 keV intervals. The deformation parameters for the individual minima are: (a) ~ω = 0.0 MeV, β2 =
0.266, β4 = 0.011, and γ=−120◦; (b) ~ω=0.10 MeV, β2 = 0.266, β4 = 0.012, and γ=−119.914◦; (c) ~ω=0.20
MeV, β2 = 0.260, β4 = 0.007, and γ = −1.46◦; (d) ~ω = 0.40 MeV, β2 = 0.249, β4 = −0.012, and γ = −1.166◦;
(e) ~ω = 0.60 MeV, β2 = 0.211, β4 =−0.022, and γ =−2.896◦; (f) ~ω = 0.80 MeV, β2 = 0.158, β4 =−0.032, and
γ=−7.525◦.

simple formula
[7]

EI =
~2

2J
I(I+1)−BI2(I+1)2, (5)

where J is an effective moment of inertia. Generally,

the rotational collective states are suggested to be de-

scribed by the simpler formula
[7]

EI =
~2

2J
I(I+1). (6)

The Eq. (6) can describe the rotational collective states

well enough, especially for the lower values of I, based

on the fact that the rotational spectra of a diatomic

molecule with energies given by the formula are known

to be exist
[7]
. But from this work, by using the E-GOS

prescription, a clear structure evolution with increas-

ing spin is found in the odd-A nuclei. So it’s unrea-

sonable to omit the second term of Eq. (5) for energy

calculations in these nuclei if all spin states are consid-

ered.

The phase transition in rare-earth nuclei can be

understood microscopically by the changes in the

single-particle structure caused by the Coriolis force,

which acts on the quasi-particles or nucleon pairs and

leads to the alignment of the single-particle angular

momenta along the rotation axis. As the influence of

the Coriolis force on the orbits with high-j and small

Ω value is the strongest, the alignment of i13/2 neu-

trons and h11/2 protons are expected to be favored

in this mass region
[33]

. After band crossing, the wave

functions of the excited states predominantly consist of

maximally aligned quasiparticle orbitals. These quasi-

particles may polarize the core to a rigid quadrupole

deformation, and thus collective rotational motion

would develop. In other words, the polarization ef-

fect from the aligned quasiparticles may be the reason

of the transition from vibration to rotation discussed

above. For the deformed nuclei, the vibrational exci-

tations are considered to be far from the yrast states.

In fast rotating nuclei, however, the rearrangement of

the nuclear mass distribution caused by the alignment

of the nucleon orbits and the centrifugal force acting

would change the nuclear deformation and result in a

loss of the axial symmetry of the nucleus. Thus, the

collective vibration becomes favored over the rotation

excitations, which may be applied to interpret the ob-
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servation of the evolution from rotation to vibration in

the odd-A rare-earth nuclei as a function of spin.

4 Conclusions

A simple prescription was used to distinguish vi-

brational from rotational regimes in the odd-A rare-

earth nuclei. The characteristics of E-GOS curves

of 155Gd,155−161Dy and 157−167Er suggest that these

nuclei undergo a clear evolution from rotational to

vibrational excitations along the yrast line with in-

creasing angular momentum. For the 165,167Yb and
171Hf nuclei, however, the E-GOS curves of these yrast

bands have the vibrational characteristic in the lower-

spin region, whereas with higher spins it has a rota-

tional pattern, and with spin above 35 there is again a

change from the rotational to the vibrational region.

The total-Routhian-surface calculations with nonax-

ial deformed Woods-Saxon potential were performed

for the analysis of shape evolution occurring in 157Dy

and165Yb. Comparison with the experimental data

provides a consistent picture of the shape evolution in

these nuclei in term of angular momentum. The cur-

rent work also highlights the potential dangers of sim-

ply assuming the rotational-based concepts over the

entire spin range. In this letter, we aim to discern

the structure evolution in some mass region. The the-

oretical studies to describe such evolution from axial

rotation to vibration with increasing spin in individual

nucleus are beyond the scope of this work.
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稀土区奇A核晕带存在从转动到振动形状演化的直接证据
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摘要: 原子核的形状演化效应是核结构研究的重要基础问题之一。通常认为，A= 160质量区的奇A核位于大形

变核区域，它们的激发态能谱将呈现出典型的转动激发特征。然而，基于E-GOS曲线方法，发现随着角动量的增

加，该质量区奇A核的晕带具有显著地从转动激发演化成为振动激发的形状演化现象。此外，为深入理解原子核

形状演化的微观机制，采用Total-Routhian-Surface (TRS)方法针对稀土区的奇A核进行了理论计算，结果表明，
165Yb和 157Dy同位素在低激发态时具有稳定的长椭形变，当角动量大于 0.50 MeV后，核芯的四极形变显著减小

并开始产生三轴形变。

关键词: 相变；E-GOS曲线；总罗斯面
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