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Abstract：Recently, new low-energy modes of excitation called pygmy resonances have been observed.

Their distinct feature is the close connection to nuclear skin oscillations. A successful description of the

pygmy resonances could be achieved in a microscopic theoretical approach which incorporates the density

functional theory and QRPA formalism extended with multi-phonon degrees of freedom. The latter is

found of crucial importance for the understanding of the fine structure of nuclear electric and magnetic

excitations at low energies. Corresponding microscopic multi-phonon response functions are implemented

in the studies of s-process of nucleosynthesis.
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1 Introduction

Leaving the valley of stability, nuclear dynamics is

changing gradually as indicated by the appearance of

new modes of excitations. Such examples are the obser-

vation of halos in light nuclei
[1]

and the skin phenom-

ena in medium and heavy nuclei[2–3] closely connected

with the isospin dynamics of nuclear matter. Recent

development of experimental facilities on radioactive

nuclear beams opens the opportunity to investigate

unknown regions of exotic nuclei. One of the most

interesting findings, was the observation of enhanced

dipole strength close to the particle emission threshold

as a common feature of stable and unstable nuclei with

neutron excess
[4–8]

. It was associated with oscillations

of a small outer layer of neutron-rich nuclear matter

with respect to the isospin symmetric nuclear core. As

this clustering of mostly neutron single-particle elec-

tric dipole transitions exhausts only a minor portion of

Thomas-Reiche-Kuhn (TRK) sum rule it was named

pygmy dipole resonance (PDR). The mainly electric

character of the PDR was explained in recent investi-

gations of low-energy E1 and spin-flip M1 excitations

in N = 82 and N = 50 nuclei[9–10] which allow to de-

compose the dipole strength below the GDR to elastic

E1 component, related to PDR skin oscillations and

background components composed of elastic and in-

elastic E1 and M1 transitions, respectively.

An obvious question, coming up immediately in

this connection, is to what extent the presence of a

neutron or proton skin will affect excitations of other

multipolarities and vice versa. Promising candidates

are low-energy 2+ states, especially those in excess

of the spectral distributions known from stable nuclei.

Quadrupole response functions are investigated theo-

retically in neutron-rich Sn nuclei. A close connection

of low-energy 2+ excitations and nuclear skins is ob-

tained. These quadrupole states are related to Pygmy

Quadrupole Resonance (PQR)
[11]

.

Here, we present systematic theoretical stud-

ies, based on a method incorporating self-consistent

Skyrme Hartree-Fock-Bogolubov (HFB)
[12]

and

Quasiparticle-Phonon Model (QPM) theory
[13]

, of

dipole and other multipole excitations over isotonic

and isotopic chains. We consider not only nuclei with

neutron excess but also nuclei close to the proton drip

line
[7–9, 11, 14–16]

. Our quasiparticle-random-phase

approximation (QRPA) calculations indicate a corre-

lation between the observed total PDR strength and

the neutron-to-proton ratio N/Z
[16]

. From the analy-

sis of transition densities, the unique behavior of the

PDR is revealed, making it distinct from giant dipole

resonance (GDR). In addition, it has been suggested

that the PDR is independent of the type of nucleon

excess (neutron or proton)
[16]

. For the tin isotopic

chain a transition of the neutron PDR to a proton

PDR is found when the N =Z region is approached.
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2 The theoretical approach

The model Hamiltonian resembles in structure the

traditional QPM model
[13]

but in detail differs in the

physical content in important aspects as discussed in

Refs. [14, 16]. In this sense, the approach is able to de-

scribe the nuclear ground state properties like binding

energies, neutron and proton root mean square radii

and the difference between them defining the nuclear

skin, and separation energies
[16]

. The model Hamilto-

nian is given by:

H =HMF+Hph
M +Hph

SM+Hpp
M . (1)

Here, HMF = Hsp+Hpair is the mean-field part. Dif-

ferent from the standard QPM scheme this part is ob-

tained from self-consistent HFB theory
[12]

. The HMF

defines the single particle properties including poten-

tials and pairing interactions for protons and neutrons,

such that also dynamical effects beyond mean-field can

be taken into account. That goal is achieved in prac-

tice by using fully microscopic HFB potentials and

pairing fields as input but performing a second step

variation with scaled auxiliary potentials and pairing

fields readjusted in a self-consistent manner such that

nuclear binding energies and other ground state prop-

erties of relevance are closely reproduced.

Hph
M , Hph

SM and Hpp
M are residual interactions,

taken as a sum of isoscalar and isovector separable mul-

tipole and spin-multipole interactions in the particle-

hole and multipole pairing interaction in the particle-

particle channels. The model parameters are fixed ei-

ther empirically
[17]

or by reference to QRPA calcula-

tion performed within the density matrix expansion

(DME) of G-matrix interaction discussed in Ref. [12].

2.1 The nuclear ground state

The reliable description of ground state properties

is of genuine importance for extrapolations of QRPA

and QPM calculations into unknown mass regions.

Taking advantage of the Kohn-Sham theorem[18–19] of

Density Functional Theory (DFT) the total binding

energy B(A) of the nucleus could be expressed as an

integral over an energy density functional with (quan-

tal) kinetic (τ) and self-energy parts, respectively,

B(A)=

∫
d3r

(
τ(ρ)+

1

2
ρU(ρ)

)
+Epair

=
∑
j

v2j

(
ej−⟨Σ⟩j+

1

2
⟨U⟩j

)
+Epair , (2)

and pairing contributions are indicated by Epair. The

second relation is obtained from HFB theory with oc-

cupancies v2j and potential energies ⟨U⟩j of the occu-

pied levels j, see e.g. Ref. [12]. Above, U(ρ) is the

proper self-energy, i.e. not including the rearrangement

contributions from the intrinsic density dependence of

nuclear interactions
[12]

. Hence, U(ρ) has to be dis-

tinguished from the effective self-energy obtained by

variation

Σ(ρ)=
1

2

∂ρU(ρ)

∂ρ
(3)

and appearing in the single particle Schroedinger equa-

tion. In order to keep the QPM calculations feasible

we choose Σ≡UWS to be of Wood-Saxon (WS) shape

with adjustable parameters. By inversion and observ-

ing that the densities and potentials in a finite nucleus

are naturally given parametrically as functions of the

radius r, we find

ρ(r)U(r)=−2

∫∞
r

ds
∂ρ(s)

∂s
UWS(s) . (4)

Evaluating these relations with the microscopic pro-

ton and neutron densities obtained by solving the

Schroedinger equation with UWS the potential U(ρ)

is the self-consistently derived reduced self-energy en-

tering e.g. into the binding energy.

In practice, for a given nucleus of mass A the

depth of the central and spin-orbit potentials, radius

and diffusivity parameters of UWS are adjusted sepa-

rately for protons and neutrons to the corresponding

single particle separation energies, the total binding

energy
[20]

, the charge radii and (relative) differences

of proton and neutron root-mean-square (RMS) radii,

δr=
√
⟨r2⟩n−

√
⟨r2⟩p , (5)

from our previous HFB calculations
[12]

. In Ref. [16]

theoretically obtained RMS radii are compared to

those determined from charge exchange reactions for a

number of Sn isotopes. The approach sketched above

leads to very satisfactory results on binding energies

and proton-neutron RMS-differences as shown in Refs.

[14, 16]. A smooth dependence of the parameters on A

is found which supports the reliability of the method.

Calculations of ground state neutron and proton

densities for Z = 50 and N = 50, 82 nuclei are shown

in Refs. [8, 16]. Of special importance for these in-

vestigations are the nuclear surface regions, where the

formation of a skin takes place. A common observa-

tion found in various investigated isotopic and isotonic

chains of nuclei is that the thickness of the neutron skin

correlates with the neutron-to-proton ratio N/Z. For

example, in Sn isotopes with A> 106 the neutron dis-

tributions begin to extend beyond the proton density



第 2 期 Nadia Tsoneva et al：Nuclear Dynamics at the Particle Threshold · 131 ·

and the effect continues to increase with the neutron

excess, up to 132Sn. Thus, these nuclei have a neutron

skin. The situation reverses in 100−102Sn, where a tiny

proton skin appears.

2.2 The nuclear excited states

The nuclear excitations are expressed in terms of

QRPA phonons:

Q+
λµi =

1

2

∑
jj′

(
ψλi
jj′A

+
λµ(jj

′)−φλi
jj′Ãλµ(jj

′)
)
, (6)

where j ≡ (nljmτ) is a single-particle proton or neu-

tron state; A+
λµ and Ãλµ are time-forward and time-

backward operators, coupling two-quasiparticle cre-

ation or annihilation operators to a total angular mo-

mentum λ with projection µ by means of the Clebsch-

Gordan coefficients Cλµ
jmj′m′ =

⟨
jmj′m′|λµ

⟩
. The exci-

tation energies of the phonons and the time-forward

and time-backward amplitudes ψλi
j1j2 and φλi

j1j2 in

Eq. (6) are determined by solving QRPA equations
[13]

.

Furthermore, the QPM provides a microscopic ap-

proach to multi-configuration mixing
[13]

. The wave

function of an excited state consists of one-, two- and

three-phonon configurations
[21]

:

Ψν(JM)=

{∑
i

Ri(Jν)Q
+
JMi+

∑
λ1i1
λ2i2

Pλ1i1
λ2i2

(Jν)
(
Q+

λ1µ1i1
×Q+

λ2µ2i2

)
JM

+

∑
λ1i1λ2i2

λ3i3I

Tλ1i1λ2i2I
λ3i3

(Jν)

[(
Q+

λ1µ1i1
⊗Q+

λ2µ2i2

)
IK

⊗Q+
λ3µ3i3

]
JM

}
Ψ0 , (7)

where R, P and T are unknown amplitudes, and ν

labels the number of the excited states.

The electromagnetic transitions are described

by transition operators accounting for the internal

fermionic structure of the phonons
[22]

. The method

allows for sufficiently large configuration spaces such

that an unified description of low-energy single and

multiple phonon states and the GDR is feasible. Such

an unified treatment is exactly what is required in or-

der to separate the multi-phonon and the genuine PDR

1− strengths in a meaningful way.

3 Discussion

3.1 Spectroscopic studies of the dipole re-
sponse from QRPA and three-phonon
QPM calculations in N =50 isotones

Systematic QRPA and QPM calculations of dipole

strength functions in N = 50 nuclei are compared

to resent experimental results from Ref. [10]. Both,

the experiment and the calculations reveal a strong

enhancement of the E1 strength in the excitation en-

ergy range E = 6/10 MeV with respect to the shape

of a Lorentz-like strength function used to adjust the

GDR
[10]

. From QRPA calculations shown in Fig. 1

and Fig. 3, the excitation energy region below E < 9

MeV is related to PDR
[10, 16]

whose total strength

smoothly decreases with increasing proton number Z.

It is closely correlated with the thickness of the neu-

tron skin which is presented in Fig. 1.

Fig. 1 Total PDR strength obtained from QRPA
calculations in comparison with the neutron skin
thickness calculated with equation (5) in N =50
nuclei. Note that the proton number Z increases
with the mass number A.

As the excitation energy is increased, the isovec-

tor contribution to the dipole strength increases follow-

ing closely its Lorentzian fall-off often assumed with

GDR in data analysis
[23]

. Theoretically, this can be

seen in transition densities and state vectors structure

which manifest an enlarging of the out-of-face neu-

tron to proton contributions and corresponding energy-
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weighted sum rules which is generally associated with

the GDR
[10, 16]

. QRPA dipole transition proton and

neutron densities of N =50 nuclei are shown in Fig. 2.

The excitation energy range E< 9 MeV where the neu-

tron oscillations dominate at the nuclear surface is re-

lated to a neutron PDR. The analysis of the evolution

of dipole transition densities with increasing excitation

energy allows us to distinguish between the PDR and

other types of dipole excitations. In this aspect, the

states in the excitation energy region of 9 < E < 10

MeV carry a signature different from the PDR. The

protons and neutrons start to move out of phase, be-

ing compatible with the low-energy part of the GDR. A

strong argument in this direction is that the observed

amount of dipole strength located in the excitation

energy region 9 < E < 10 MeV cannot be directly

connected to N/Z ratios and corresponding skins, as

can be done for the dipole strength below 9 MeV. A

further increase of excitation energy in the range of

10 < E < 11 MeV leads to dynamic processes of col-

lective excitations of different neutron and proton sub-

shells of the nuclear interior, which in some cases could

be in-phase as shown in Fig. 2. It should be mentioned

that such more or less collective excitations including

a considerable contribution of inner-shell neutrons and

protons should not be interpreted in the same way as

the genuine PDR mode explained by neutron skin os-

cillations. At excitation energy E = 11 ∼ 22 MeV a

strong isovector oscillation corresponding to the exci-

tation of the GDR is found.

Fig. 2 (color online)Dipole proton (in red) and neutron(in black) transition densities obtained from QRPA calcula-

tions in N =50 nuclei.
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However, we should point out that the QRPA is

unable to account for the detailed description of the

dipole strength function. This is clearly seen in Fig. 3.

The comparison of QRPA and the three-phonon QPM

calculations of dipole photoabsorption cross sections

indicates that for the PDR region the coupling of

QRPA PDR and GDR phonons and multiphonon

states is very important. The result is a shift of E1

strength toward lower energies. This can be described

in three-phonon QPM calculations which are able to

reproduce the fine structure of the later fairly well as

it follows from the comparison with the experiment

presented in Fig. 3. Such precise knowledge of nuclear

response functions is very important for the determi-

nation of photonuclear reactions cross sections for the

astrophysics.

Fig. 3 (color online) N = 50 nuclei: Systematic QRPA (in blue) and three-phonon QPM (in black) calculations

of dipole photoabsorption cross section below the neutron threshold in comparison with data (in red) from Ref. [10].

3.2 Determination of neutron-capture reac-
tion cross sections related to the s-
process of nucleosynthesis.

The microscopic strength functions obtained from

QRPA and three-phonon QPM calculations have been

implemented into statistical reaction code to inves-

tigate neutron-capture cross sections of astrophysi-

cal importance. As an example case the neutron-

capture cross section of the reaction 85Kr(n,γ)36Kr
[24]

is studied. The 85Kr is a branching point nucleus of

the s-process of the nucleosynthesis. The calculated
85Kr(n,γ)36Kr cross section is shown in Fig. 4 in com-

parison with experimental data from Ref. [24]. It is

seen that the neutron-capture cross section obtained

from the three-phonon QPM is in a very good agree-

ment with the experiment
[24]

while theQRPA gives a

reduced value of about 35%. The estimated value of

the pure PDR contribution to the QRPA calculated

neutron-capture cross section is of the order of 30%.

The agreement between the QPM theory and data is

confirming the predictive power of the involved multi-

Fig. 4 (color online) Cross section of 85Krg(n,γ)86Kr
calculated with TALYS using experimental
dipole (in red), QRPA (in blue) and three-
phonon QPM strength functions (in black)
from Ref. [24]. The predicted uncertainties
(shaded area) are derived from the experimental
errors of the dipole strength function and from
variations in the nuclear level density parameters.

phonon theoretical methods for exploratory investiga-

tions of neutron-capture reaction rates in hitherto ex-

perimentally inaccessible mass regions.
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3.3 Distinguishing of the pygmy dipole reso-
nance from other low-energy excitations

A major experimental problem is to distinguish

M1 and E1 strength, since both of them are highly frag-

mented at these energies. In order to unambiguously

discriminate between these dipole excitation modes,

the spin and parity of the individual states must be

known. That was achieved in high-sensitivity studies

of E1 and M1 transitions observed in the 138Ba(γ⃗,γ’)

reaction at energies below the neutron emission thresh-

old which have been performed using the nearly mo-

noenergetic and 100% linearly polarized photon beams

from the HIγ⃗S facility
[9, 25]

. The electric dipole char-

acter of the so-called pygmy mode was experimentally

verified for excitations with energies E = 4.0 ∼ 8.6

MeV
[9]
. The fine structure of the M1 spin-flip mode

was observed for the first time in N =82 nuclei. Three-

phonon QPM calculations of low-energy E1 and M1

strengths in 138Ba
[9]

are in a good agreement with

E1 and M1 data below the particle threshold, both

with respect to the centroid energies and summed

transition strengths. A common feature of the low-

energy 1− and 1+ states is that both modes are ex-

cited by almost pure two-quasiparticle (2-QP) QRPA

states. They serve as doorway states which then de-

cay into multi-configuration states with complicated

multi-phonon wave functions, thus giving rise to frag-

mentation of the spectral distributions
[9]
.

Furthermore, in theoretical investigations of 2+

excitations in Sn isotopic chain, we find a strength clus-

tering of quadrupole states, at low-energies, of predom-

inantly neutron structure. At the same time, the pro-

ton contribution to state vectors and B(E2) strengths,

located in the excitation energy range E ≈ 2 ∼ 4

MeV, increases toward 104Sn and brings more intensive

proton quadrupole excitations in 104Sn there. Conse-

quently, the 104Sn nucleus appears to be an opposing

case where a change from a neutron to a proton skin

occurs. Theoretical results of B(E2) strength distri-

butions in 104,120,134Sn isotopes are presented in Ref.

[11]. A sizable increase of B(E2) strength at excita-

tion energy E ≈ 2 ∼ 4 MeV is observed for the heavi-

est tin isotopes - 130Sn and 134Sn. The clustering of

quadrupole states at low-energies shows a pattern sim-

ilar to the PDR phenomenon. Therefore, we may con-

sider the spectral distribution of a Pygmy Quadrupole

Resonance (PQR). Correspondingly, the connection of

the PQR with neutron or proton skin oscillations is

demonstrated in the analysis of transition densities
[11]

.

Similarly to the PDR, a transition from a neutron PQR

to a proton PQR in 104Sn is observed for the mass

region where the neutron skin reverses into a proton

skin
[11, 16]

.

From the detailed analysis of the state vectors

structure of the 2+ excitations in Sn nuclei at exci-

tation energies E = 2 ∼ 4 MeV we find that it is

dominated by neutron 2QP excitations from the va-

lence shells. The most important proton contribution

in all isotopes is due to the [1g9/22d5/2]π 2QP com-

ponent, which, however, never exceeds 5%
[11]

which

reflects the change of the proton binding energy ϵb of

the g9/2 level when approaching the N = Z limit. In

the neutron sector, the contributions follow closely the

evolution of the shell structure given in Ref. [11]. In

most cases the [2+2 ]QRPA state vectors are dominated

by re-scattering contributions related to re-orientation

of the s.p. angular momenta. An effect of increased

low-energy E2 strengths with increasing neutron num-

ber is observed as well in our QRPA calculations of

lighter mass nuclei 33Al/35Al and 32Mg/34Mg which

are presented in Ref. [26]. That mass region is of

particular interest because of the well known ’island

of inversion’ at the N = 20 shell closure
[27]

. Corre-

spondingly, the connection of the low-energy 2+ states

with a PQR is demonstrated in the analysis of tran-

sition densities
[11]

. Strong neutron oscillations at the

nuclear surface play a dominant role in the PQR en-

ergy range which is in agreement with Ref. [16]. Sim-

ilarly to the PDR, a transition from a neutron PQR

to a proton PQR in 104Sn is found for the mass region

where the neutron skin reverses into a proton skin
[11]

.

Furthermore, QPM calculations of B(E2) and B(M1)

transition rates of low-lying 2+ states in Sn nuclei in-

dicate clearly differences from known collective states

and scissors modes.

3.4 Description of the fine structure of the
M1 spin-flip resonance in 90Zr

Recently, the fine structure of the M1-Giant Res-

onance (GR) in the nuclide 90Zr was investigated
[28]

.

Measurements performed in the range 7 ∼ 11 MeV

reveal a M1 resonance structure with centroid en-

ergy of 9 MeV and a summed strength of 4.5(4) µ2
N.

These data are fully reproduced in three-phonon QPM

calculations
[28]

. The theoretical investigations which

are presented in Fig. 5 indicate a strong increase of

the contribution of the orbital part of the magnetic

moment due to coupling of multi-phonon states. Of

special interest is the behavior of the M1 strength

at higher energies close to and above the neutron-

separation energy where the experimental accessibil-

ity is strongly reduced. For these regions, the the-

ory predicts the existence of a strongly fragmented M1

strength with summed value of several µ2
N. Of special

interest is the behavior of the M1 strength at higher
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Fig. 5 (color online) (a) The measured M1 distribu-
tion of discrete 1+ levels in 90Zr compared with
three-phonon QPM predictions from Ref. [28].
(b) Cumulative non-energy weighted M1 sum
rule below E∗ =11 MeV.

energies, namely in the range of 11 to 12.5 MeV. At

these energies, which include the neutron-separation

energy (Sn =11.97 MeV), the experimental accessibil-

ity is strongly reduced. However, we can explore this

region theoretically in the QPM by including one- and

two-phonon configuration spaces with excitation ener-

gies up to E=12.5 MeV. The model predicts a strongly

fragmented M1 strength, related mainly to the decay of

the 1+4 (QRPA) state into a considerable number of rel-

atively uniformly distributed 1+ states with very small

transition probabilities, typically less than 0.2 µ2
N, and

a total strength
∑12.5MeV

11MeV B(M1) ↑≈ 2µ2
N. The later

forms a tail-like extension of the giant M1 resonance

around the neutron threshold which is shown in Fig. 6.

Fig. 6 (color online) QPM prediction of M1 strength
around the neutron threshold in 90Zr.

This is a very interesting finding which sheds light on

the understanding of the long-standing problem with

the quenching and dynamics of the M1 strength
[28]

.

4 Conclusions

Investigations of low-energy excitations of differ-

ent multipolarity reveal new aspects on the isospin dy-

namics of the nucleus. In systematic investigations

of low-energy excitations of different multipolarity in

various isotopic and isotonic chains a specific signals of

new modes of excitations related to PDR and PQR are

observed. As a common feature, the structure of the

PDR excited states in neutron-rich nuclei is dominated

by neutron components while with the increase of the

proton number, toward N = Z limit it transforms

into a proton one. Consequently, the PDR transition

strength is found directly related to the thickness of a

neutron or proton skin driven by the Coulomb force.

Its generic character is further confirmed by related

transition densities, showing that this mode is clearly

distinguishable from the conventional GDR mode. In

investigations of low-energy quadrupole states, PQR

mode resembling the properties of the PDR is iden-

tified. An interesting aspect is the close relation of

the PQR excitations to the shell structure of the nu-

cleus. The most convincing evidence for this feature is

the disappearance of the PQR component in the dou-

ble magic 132Sn nucleus. Thus, the PQR states are

containing important information on the structure of

the valence shells and their evolution with the nuclear

mass number.

In these studies a common observation is that

QRPA is unable to describe low-energy nuclear re-

sponse functions in details. This can be achieved only

if one takes into account the contribution of multi-

phonon coupling. In three-phonon QPM calculations

of N = 82 nuclei the fine structure of the dipole

strength below the neutron threshold is described as

being mostly of electric character. Even though the

magnetic contribution to the PDR is small in compar-

ison with the electric one it should be considered of a

great importance for the understanding of the spin dy-

namics of skin nuclei. The theoretical investigations of

the fragmentation pattern of the giant M1 resonance

strength in 90Zr indicate a strong increase of the or-

bital contribution of the magnetic moment due to cou-

pling of multiparticle-multihole configurations. The ef-

fect is estimated to account for about 22% of the total

M1 strength below the threshold. Furthermore, a the-

oretical prediction of strongly fragmented M1 strength

around the neutron threshold in 90Zr is done.

The agreement between data and calculations
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confirms the predictive power of the QPM many-body

theory for exploratory investigations of new modes

of excitation
[7, 9–11, 14, 16, 28]

. In this aspect, the ap-

proach could be further developed and applied for

investigations of hitherto experimentally inaccessible

mass regions.
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