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Nuclear Shape Phase Crossover in A~130 Mass Region in
the SD-pair Shell Model
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Abstract: The SD-pair shell model is applied to analyze the evolution of low-lying states of even-even

nuclei in A ~ 130 mass region. In the model, the pairing and the quadrupole-quadrupole interactions are
taken into account. The results show that there are clear signatures of the crossover from vibrational to
rotational or from vibrational to the y-soft shape phase.

Key words: SD-pair shell model; shape phase crossover; energy ratio; electromagnetic transition

CLC number: O571.6

1 Introduction

As is well known, nuclei as a complex system have
been found to be with various geometric shapes. A lot
of theoretical investigations on the shape phase transi-
tions in nuclei were carried out!" 2"
interacting boson model (IBM).

Recently, there have been many works on nuclear

mainly within the

shape phase transitions and their critical point sym-
metries in the framework of shell model based on
the SD-pair shell model[m*%}7 relativistic mean field
approach[24], and density functional approach[%]. The
investigations on nuclear shape phase transition for
identical nucleon system have also been carried out
with fermionic degrees of freedom in Refs. [15, 26-30].
The tremendous success of IBM [1], suggests that S
and D pairs play a dominant role in the spectroscopy of
low-lying modes'®! %3, Therefore, one normally trun-
cates the full shell-model space to the collective SD-
pair subspace in the NPSM. The latter is called the
SD-pair shell model(SDPSM)[M_BG]. The advantages
of the NPSM are that it accommodates various trun-
cation, ranging from the truncation to only the S sub-
space, the S-D subspace, up to the full shell model
space, and that it is flexible enough to include the bro-
ken pair approximation[sﬂ, the pseudo SU(2) or the
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]

Since the model space is also built up from SD

and the fermion dynamical sym-
metry model®as its special cases.

pairs, it is interesting to see if the nuclear shape phase
transitional patterns produced from IBM!Y can be pro-
duced in the SDPSM, which is the main objective of
this work.

2 Model overview

The collective pair AZT of proton or neutron with
angular momentum r(r =0,2) and projection p is built
from many non-collective pairs Aj,(ab) with the single-
particle orbits a and b, which defined as

A5 =3 y(abr) A7 (@) = 3 y(abr)(CLx O (1)

ab ab

where y(abr) are the structure coefficients of the multi-
pair and determined properly by the composition, sat-
isfying the symmetry

y(abr) = —0(abr)y(abr), O(abr)=(=)*T"T". (2)

In this work, the S-pair structure coefficients are de-
termined as y(aa0) = \/2j, +17=, where v, and u, are

the occupied and unoccupied amplitudes for orbit a
obtained by solving the associated BCS equation.
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In order to construct spherical tensors, we intro-
duce the time reversed operator instead of the annihi-
lation operator. The time reversed pair operator flz
with angular momentum r is

Al = Zy(abr)flz (ab) = — Zy(abr)(é’a xCy)py (3)
ab

ab

where Clyo = (=)*7*Ca—a, and Cyq is the annihilation
operator.

For an even-even system, we choose n = 2N va-
lence nucleons coupled N collective pairs with angular
momenta r1,72,---,7Ny as our model basis. Obviously,

f T
AJJ\/IIVN(Ti,Ji) ZAJJ\}VN (rirg---rn, JiJa - JN)

=( (AT X AT AT s AT ()

with the convention r1 >7r2>--->ry. Here Jy is the
total angular momentum with its projection of M.
We use (rir2---rn) and (J1J2---Jn) with Jy =73 for
the angular momenta of the pairs involved and coupled
ones, respectively, for the N-pair operator.

It’s worth noting that there are several possible
values for each of the intermediate, but the largest
possible intermediate angular momentum values J; is
taken in this paper to solve the complete basis issue.
The same r;, Jy, My in those functions, while dif-
ferent J; , i=2,---,N —1 just form an overcomplete

(0| AN (si, JD AR, (ri, Ji)T|0)

N

basis 4. For example, five D pairs can be denoted as

the followinng form,

|(DT)5(ST)N_5, J1J2d3Jads), JiJadzJads
=24420,24442,24642,24653,24654, 24664,

24665,24666,24686,24687,24688,246810.  (5)
In the calculation, the multipair basis states®> 19
with both valence neutrons and valence protons is used
with

(D)™ (STYNe =™ (DL = (STyN=—" T M),

Here
(D)™ (DY) 5 TM) =
> CINn g, 1o M) | e M), (6)

M, M

in which N, (N) is the number of pairs for valence
neutrons (protons) with appropriate angular momen-
tum J, (Jr). By coupling the neutron and proton
states to the states, the total angular momentum is
denoted by J with its projection of M.

The matrix elements in the multi-pair basis can
be expressed in terms of the overlap of the multi-pair
sta[giis, and the latter can be calculated recursively
by

! )
:<8182...5N; Ji-- JN_adN|rire TN Jl...JN71JN>

=(IyeafIn) ()N TN ST ST Hy(sn) - i (sw) %

k=NLg_1---Ln_1

! !
[wkésN,rK(st,l,Jk,l<3132“‘5N71§ J1“‘JN_1’7'1“'Tk—l,rk+1"‘7"N; JioJe—1Lik---Ln-1)+

1
4 ! /
§ E <5152...3N71; J1'--JN_1|7‘1--'7“1-~“Tk—1,7“k+1---7“1\1; Ji-

i=k—1r!L;Ly_o

where J = V2J+1, Hy, (s) are Racah coefficients which
induced by various re-coupling procedures. g is a con-
stant coming from the annihilation of the pair A™* by
A*N - and thus depends on the structure of these two
pairs, while r} represents a new collective pair Brif
resulting from a double-process. In this work, the
calculation of matrix elements is based on the right
to left convention. Firstly, the pair A*N transforms
the pair A™T into a particle-hole pair P* with angular
momentum ¢, which then propagates forward, crosses
over the pairs rg_1,- - ,7i+1, and finally transforms
the pair A" into the new pair Brit = [A”T,Pt]rg,
with a new distribution function y’(axair;) depend-
ing on the structure of all the three pairs AT, A"
and ASNT

and the intermediate quantum numbers

‘JiflLi“'LN71>i|a (7)

L;...Lg_oLi_1. The right hand side of Eq. (7) is a
linear combination of the overlaps for V-1 pairs. Thus,
the overlap can be calculated recursively.

The Hamiltonian ! is chosen as

H= Y Ho+Hn,

o=m, v

H, = Gaanaa_GaSlScr_Han'Q§7 (8)

a
2 2
Hry ==k Q7 Qy,

where

st=y" V=T 2;“ (Clax Cla>z,

Qu =\/WZT?Y2H(91¢1‘)- (9)
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By using the commutator, the D pair can be ob-

tained by

Dt % [Q@),ST} =Y "ylab2)(CixCi)>. (10)

ab

The parameters G, and ks are respectively the pairing
interaction strength and quadrupole-quadrupole inter-
action strength between like-nucleons, while K, is the
interactional strength of quadrupole-quadrupole inter-
action between protons and valence neutrons.

The E2 transition operator is

E2= Z 60’QZ’7 (11)

o=m,v

where er (e,) are effective charges of valence pro-
tons (neutrons), respectively. The M1 transition op-
erator is

Mi= > Mi(o),

o=m,v

M1(0) =gi(0)L(0) +gs(0)5(0), (12)

where g;(c) and gs(o) are the orbital and spin g fac-
tors, which are fixed as those shown in Ref. [43], i.e.,
g = L1 p3, g = —0.1 p3%, gsr = 3.910 p3;, and
gsy = —2.678 u%.

3 Shape phase crossover

To see whether the SDPSM can produce the shape
phase crossover and the similar shape phase transi-
tional patterns obtained from the IBM, we study both
identical nuclear system and neutron-proton coupled
system in the SDPSM.

3.1 Vibration-y-unstable transition

We begin by considering the vibration-y-unstable
phase, and choose a proton-neutron coupled system
» = 2 in the 50~82
shell. It should be noted that the valence protons are

with valence nuclear pair N, =

particle type, and the valence neutrons should be hole
type in reproducing this (shape) phase crossover. The
single-particle energies that we used are those shown in
Refs. [21, 44] with the same values used in both the pro-
ton and neutron sectors, that is, 2.99, 2.69, 0.963, 0.0,
2.76 MeV for j = s1/2,d3/2,d5/2,97/2,h11/2 levels. The
effective charges e = 1.5e, e, = —0.5e, where positive
effective charge represents that of a real particle and
the negative valued one represents that of the particle-
hole one, that is the reason why the quadrupole-
quadrupole interaction strength xr, between valence
protons and valence neutrons is negative in this paper.
For simplicity, We set G =G, =G =0.28 MeV, and
kx = ky = 0. From Fig. 1, one can see that energy

ratio R4, = E4,/FE2, ~ 2.0 and the degenerate level
structure of the vibrational states can be produced
very well for kK, < 0.01 MeV/Té, such as 41, 2;, 0;,
while R4, = E4,/E2, ~ 2.5 and the level structure of
the y-unstable states can be reproduced for larger £,
values.

4.0

0.00 0.02 0.04 0.06 0.08
K_/(MeV/r)

Fig. 1 (color online) Energy ratios R4, ,Ro, and R, vs

Kry when G = 0.28 MeV, e, = 1.5e, e, = —0.5e,
where energy ratio Ry, = Ej,/E»,.

The other energy ratios, R¢,0, = E6, /Fo,, R6,05 =
E61 /E037 f{o2 = E02/E21 and R03 = E03 /f?z1 are pre-
sented in Fig. 2. For the fixed parameters, the results
show that the level crossing-repulsion behavior indeed
occurs in Rp, and Ro, within the critical region of the
U(5)-S0O(6) transition*” . In general, there is the crit-

- Rg 0
Il i 1 i 1 n 1 i -I*-—nin_l_--l--
000 005 010 015 020 025 030
4.5
40t il Ro,

C n 1 " i 1 i i 1 i
0.00 0.05 0.10 0.15 0.20 0.25 0.30

K_/(MeV/r))

Fig. 2 The same as Fig. 1.
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ical point of the U(5)-SO(6) transition at which the
level repulsion occurs, while the level crossing point is
the critical point of the first order transition in the ex-
cited 0 and 07 states, which can be confirmed from
electromagnetic transitions from these two states to
the 21" or other low-lying states as discussed in the

0.04 +
(a)

0.03
] ~n. 0+ +
= 0.02 B(E2. 024)2‘)
~
e
oo} (E2; 02

e ] X
000 L 1 1 7_7-_I 1 1
000 005 010 015 020 025 030
Ko /(MeV/rg)

Fig. 3

Fig. 4 provides some energy ratios and B(E2) val-
ues when kr, = 0.01 MeV/ré. One can see from the
left panel of Fig. 4 that R4, = 2.5 when G = 0 and
R4, =2.0 when G is lager than 0.2 MeV, where the de-
generate level structure of the vibrational states (U(5)

(a)

4.0

0.2 0.5

G/MeV

0.3
Fig. 4

3.2 Vibration-rotation transitional patterns

The vibration-rotation transition is considered
within a system of Ny = N, = 3 in the gds shell??).
We set Gr = Gy, = G=0.2 MeV, er = 3e,=1.5e. As
an approximation, kr = k, with the absolute value
Kry = 2ko. The single-particle energies that we used
with the same values in both the proton and neutron
sectors, that is, 2.99, 2.69, 0.963, 0.0, 0.0 MeV for
J=51/2,d3/2,d5/2,97/2,99/2 levels?!. From Fig. 5(a)
one can see that the energy ratio R4, = 2.0 and the
degenerate level structure of the vibrational states can
be produced very well before ks, < 0.0025 MeV/ré,
while the level structure of the rotational states (SU(3)
symmetric states in the IBM) can be reproduced for

larger ko values. Although R4, is smaller than 2.0

2.2

B(E2)/(e’D")

1BM!“*7),

The results for B(E2; 05 —27), B(E2; 05 —27)
and B(M1;0{ — 1]), B(M1;2¢ — 2]) are shown in
Fig. 3. The left panel of Fig. 3 shows that a typ-
ical behavior of the crossing-repulsion when Kr, ~
0.04 MeV /7g.

0.004

(b)

0.003

0.002

BMI1)/d

0.001

0.000
0.0

0.1 0.3

i /(MeV/i)

(color online) B(E2) values (a) and BM1 values (b) vs £, when G=0.28 MeV, e, =1.5¢e, e, = —0.5e.

symmetric states in the IBM) can be produced very
well for larger G 'values. Hence, the «y-unstable and vi-
bration spectra were produced. Interestingly, we also
found that the crossing-repulsion behavior from the
right panel of Fig. 4.

0.05
0.04 -
0.03 -
0.02 -

0.01

0.00

0.0 0.1 0.2 0.5

G/MeV

0.3 0.4

(color online) Some energy ratios (a) and B(E2) values (b) vs G when fx, =0.01 MeV/r§, ex =1.5e, e, = —0.5e.

when ks < 0.001 MeV/ré and smaller than 3.33 when
ko =0.02 MeV/ ra, the general behavior of the nuclear
shape phase crossover from the vibrational to the ro-
tational phase can be produced. Fig. 5(b) shows that
the wiggling behavior of R4, from the vibrational to
the rotational phase becomes obvious with the increas-
ing of the number of the valence nucleon-pairs. The
crossover behavior of B(M1) is shown in Fig. 6. The
reason why the energy ratio R4, are always smaller
than the typical value for vibrational phase with 2.0 or
rotational phase with 3.33 is due to the pauli-blocking
effect, which plays an important role in producing the
collectivity of the low-lying states. If proton-neutron
coupled system is considered, the results will be close
to the typical values of the limiting cases in the IBM.



% 4 1 DING Xiaoxue et al: Nuclear Shape Phase Crossover in A ~130 Mass Region in the SD-pair Shell Model - 515 -

Ry,
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0.000 0.005 0.010 0.015 0.020
K (MeV/r))

Fig. 5 (color online) Energy ratios when G,=0.2 MeV,
er=3e, =15e. (a) Ry, =Ej;,/E>, for N =N, =3,

(b) Ry, for Ny =N, =N=2,34.
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N

0.008

BMYu’

0.004
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B(M1) transitions vs k, when G, = 0.2 MeV,
er =3e, = 1.5e.

0.000 0.020

Fig. 6

Fig. 7 provides energy ratio R4, and B(M1) tran-
sitions when £, = 0.005 MeV /3. One can see from Fig.
7(a) that the wiggling behavior of Ra4,, the typical fea-
ture of the phase transitional pattern between SU(3)
and U(5), can be produced. It is shown that the rota-
tional phase can be produced when G = 0, and then
it changes quickly with G till G=0.2 MeV, after that,
it becomes saturate and close to the vibrational phase.
The wiggling behavior of R4, from rotational to vibra-
tional phase becomes obvious with the increasing of
the number of valence nucleon-pairs. While the behav-
ior of B(M1) transitions shown in Fig. 7(b) with the
variation of the control parameter is rather smooth.

-+
oo
1 1 1
0.0 0.1 02 03 04 05
(b)
0.012 |
a# 0.008
s
& bt
0004 F T N Bl 22 |
BMI1; 0/ 1)
o000+ . e
0.0 0.1 02 03 0.4 0.5
G/MeV

(color online) Energy ratio Ry, for Ny = N,=N
=234 (a) and B(M1) transitions (b) vs G for
Nz = N, = 3, when k, =0.005 MeV/ré7 er = 3e,
=1.5e.

Fig. 7

4 Summary

In summary, the nuclear shape phase crossover
patterns are studied in the SD-pair shell model. Our
results show that the shape phase transitional patterns
shown in the IBM can also be produced in the SDPSM,
though only crossover is observed due to the fact that
the number of nucleon pairs is finite. With the in-
creasing of the number of valence nucleon-pairs, the
shape phase crossover will become more noticeable as
demonstrated by the IBM calculations.
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