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Abstract：The SD-pair shell model is applied to analyze the evolution of low-lying states of even-even

nuclei in A ∼ 130 mass region. In the model, the pairing and the quadrupole-quadrupole interactions are

taken into account. The results show that there are clear signatures of the crossover from vibrational to

rotational or from vibrational to the γ-soft shape phase.
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1 Introduction

As is well known, nuclei as a complex system have

been found to be with various geometric shapes. A lot

of theoretical investigations on the shape phase transi-

tions in nuclei were carried out
[1–20]

mainly within the

interacting boson model (IBM).

Recently, there have been many works on nuclear

shape phase transitions and their critical point sym-

metries in the framework of shell model based on

the SD-pair shell model
[21–23]

, relativistic mean field

approach
[24]

, and density functional approach
[25]

. The

investigations on nuclear shape phase transition for

identical nucleon system have also been carried out

with fermionic degrees of freedom in Refs. [15, 26–30].

The tremendous success of IBM
[1]
, suggests that S

andD pairs play a dominant role in the spectroscopy of

low-lying modes
[31–33]

. Therefore, one normally trun-

cates the full shell-model space to the collective SD-

pair subspace in the NPSM. The latter is called the

SD-pair shell model(SDPSM)
[34–36]

. The advantages

of the NPSM are that it accommodates various trun-

cation, ranging from the truncation to only the S sub-

space, the S-D subspace, up to the full shell model

space, and that it is flexible enough to include the bro-

ken pair approximation
[37]

, the pseudo SU(2) or the

favored pair model
[38]

and the fermion dynamical sym-

metry model
[39]

as its special cases.

Since the model space is also built up from SD

pairs, it is interesting to see if the nuclear shape phase

transitional patterns produced from IBM
[1]

can be pro-

duced in the SDPSM, which is the main objective of

this work.

2 Model overview

The collective pair Ar†

µ of proton or neutron with

angular momentum r(r=0,2) and projection µ is built

from many non-collective pairs Ar
µ(ab) with the single-

particle orbits a and b, which defined as

Ar†

µ =
∑
ab

y(abr)Ar†

µ (ab)=
∑
ab

y(abr)(C†
a×C†

b )
r
µ, (1)

where y(abr) are the structure coefficients of the multi-

pair and determined properly by the composition, sat-

isfying the symmetry

y(abr)=−θ(abr)y(abr), θ(abr)= (−)a+b+r. (2)

In this work, the S-pair structure coefficients are de-

termined as y(aa0)=
√
2ja+1 va

ua
, where va and ua are

the occupied and unoccupied amplitudes for orbit a

obtained by solving the associated BCS equation.
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In order to construct spherical tensors, we intro-

duce the time reversed operator instead of the annihi-

lation operator. The time reversed pair operator Ãr
µ

with angular momentum r is

Ãr
µ =

∑
ab

y(abr)Ãr
µ(ab)=−

∑
ab

y(abr)(C̃a× C̃b)
r
µ, (3)

where C̃aα =(−)a−αCa−α, and Caα is the annihilation

operator.

For an even-even system, we choose n = 2N va-

lence nucleons coupled N collective pairs with angular

momenta r1, r2, · · · , rN as our model basis. Obviously,

A
J†
N

MN
(ri,Ji)=A

J†
N

MN
(r1r2 · · ·rN , J1J2 · · ·JN )

=(· · ·((Ar†
1 ×Ar†

2)J2 ×Ar†
3)J3 ×·· ·×Ar†

N )JN

MN
(4)

with the convention r1 > r2 > · · ·> rN . Here JN is the

total angular momentum with its projection of MN .

We use (r1r2 · · ·rN ) and (J1J2 · · ·JN ) with J1 = r1 for

the angular momenta of the pairs involved and coupled

ones, respectively, for the N -pair operator.

It’s worth noting that there are several possible

values for each of the intermediate, but the largest

possible intermediate angular momentum values Ji is

taken in this paper to solve the complete basis issue.

The same ri, JN , MN in those functions, while dif-

ferent Ji , i = 2, · · · ,N −1 just form an overcomplete

basis
[34]

. For example, five D pairs can be denoted as

the followinng form,

|(D†)5(S†)N−5,J1J2J3J4J5⟩,J1J2J3J4J5
=24420,24442,24642,24653,24654,24664,

24665,24666,24686,24687,24688,246810. (5)

In the calculation, the multipair basis states
[35, 40]

with both valence neutrons and valence protons is used

with

|(D†
ν)

nν (S†
ν)

Nν−nν (D†
π)

nπ(S†
π)

Nπ−nπ ;JM⟩.

Here

|(D†
ν)

nν (D†
π)

nπ ;JM⟩=∑
MνMπ

CJM
JνMν ,JπMπ

|JνMν⟩|JπMπ⟩, (6)

in which Nν (Nπ) is the number of pairs for valence

neutrons (protons) with appropriate angular momen-

tum Jν (Jπ). By coupling the neutron and proton

states to the states, the total angular momentum is

denoted by J with its projection of M .

The matrix elements in the multi-pair basis can

be expressed in terms of the overlap of the multi-pair

states, and the latter can be calculated recursively

by
[34]

⟨
0
∣∣AJN

MN
(si,J

′
i)A

JN
MN

(ri,Ji)
†∣∣0⟩

=
⟨
s1s2 · · ·sN ; J ′

1 · · ·J ′
N−1JN |r1r2 · · ·rN ; J1 · · ·JN−1JN

⟩
=(Ĵ ′

N−1/ĴN )(−)JN+sN−J′
N−1

1∑
k=N

∑
Lk−1···LN−1

HN (sN ) · · ·Hk+1(sN )×[
ψkδsN ,rK δLk−1,Jk−1

⟨
s1s2 · · ·sN−1; J

′
1 · · ·J ′

N−1

∣∣r1 · · ·rk−1, rk+1 · · ·rN ; J1 · · ·Jk−1Lk · · ·LN−1

⟩
+

1∑
i=k−1

∑
r′iLi···Lk−2

⟨
s1s2 · · ·sN−1; J

′
1 · · ·J ′

N−1

∣∣r1 · · ·r′i · · ·rk−1, rk+1 · · ·rN ; J1 · · ·Ji−1Li · · ·LN−1

⟩]
, (7)

where Ĵ =
√
2J+1, Hk(s) are Racah coefficients which

induced by various re-coupling procedures. ψk is a con-

stant coming from the annihilation of the pair Ark† by

AsN , and thus depends on the structure of these two

pairs, while r′i represents a new collective pair Br′
i†

resulting from a double-process. In this work, the

calculation of matrix elements is based on the right

to left convention. Firstly, the pair AsN transforms

the pair Ark† into a particle-hole pair Pt with angular

momentum t, which then propagates forward, crosses

over the pairs rk−1, · · · , ri+1, and finally transforms

the pair Ari† into the new pair Br
′
i† =

[
Ari†,Pt

]r′
i ,

with a new distribution function y′(akair
′
i) depend-

ing on the structure of all the three pairs Ark†, Ari†

and AsN†, and the intermediate quantum numbers

Li . . .Lk−2Lk−1. The right hand side of Eq. (7) is a

linear combination of the overlaps for N -1 pairs. Thus,

the overlap can be calculated recursively.

The Hamiltonian
[41]

is chosen as

H =
∑

σ=π, ν

Hσ+Hπν ,

Hσ =
∑
a

ϵσanσa−GσS
†
σSσ−κσQ2

σ ·Q2
σ, (8)

Hπν =−κπνQ
2
π ·Q2

ν ,

where

S† =
∑
a

√
2a+1

2

(
C†

σa×C†
σa

)0

0
,

Qµ =
√
16π/5

n∑
i=1

r2i Y2µ(θiϕi). (9)
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By using the commutator, the D pair
[42]

can be ob-

tained by

D† =
1

2

[
Q(2),S†

]
=
∑
ab

y(ab2)(C†
a×C†

b )
2. (10)

The parameters Gσ and κσ are respectively the pairing

interaction strength and quadrupole-quadrupole inter-

action strength between like-nucleons, while κπν is the

interactional strength of quadrupole-quadrupole inter-

action between protons and valence neutrons.

The E2 transition operator is

E2=
∑

σ=π,ν

eσQ
2
σ, (11)

where eπ (eν) are effective charges of valence pro-

tons (neutrons), respectively. The M1 transition op-

erator is

M1=
∑

σ=π,ν

M1(σ),

M1(σ)=gl(σ)L̂(σ)+gs(σ)Ŝ(σ), (12)

where gl(σ) and gs(σ) are the orbital and spin g fac-

tors, which are fixed as those shown in Ref. [43], i.e.,

glπ = 1.1 µ2
N , glν = −0.1 µ2

N , gsπ = 3.910 µ2
N , and

gsν =−2.678 µ2
N .

3 Shape phase crossover

To see whether the SDPSM can produce the shape

phase crossover and the similar shape phase transi-

tional patterns obtained from the IBM, we study both

identical nuclear system and neutron-proton coupled

system in the SDPSM.

3.1 Vibration-γ-unstable transition

We begin by considering the vibration-γ-unstable

phase, and choose a proton-neutron coupled system

with valence nuclear pair Nπ = Nν = 2 in the 50∼82

shell. It should be noted that the valence protons are

particle type, and the valence neutrons should be hole

type in reproducing this (shape) phase crossover. The

single-particle energies that we used are those shown in

Refs. [21, 44] with the same values used in both the pro-

ton and neutron sectors, that is, 2.99, 2.69, 0.963, 0.0,

2.76 MeV for j= s1/2,d3/2,d5/2,g7/2,h11/2 levels. The

effective charges eπ =1.5e, eν =−0.5e, where positive

effective charge represents that of a real particle and

the negative valued one represents that of the particle-

hole one, that is the reason why the quadrupole-

quadrupole interaction strength κπν between valence

protons and valence neutrons is negative in this paper.

For simplicity, We set Gπ =Gν =G= 0.28 MeV, and

κπ = κν = 0. From Fig. 1, one can see that energy

ratio R41 = E41/E21 ∼ 2.0 and the degenerate level

structure of the vibrational states can be produced

very well for κπν 6 0.01 MeV/r40, such as 4†1, 2
†
3, 0

†
2,

while R41 = E41/E21 ∼ 2.5 and the level structure of

the γ-unstable states can be reproduced for larger κπν

values.

Fig. 1 (color online) Energy ratios R41 ,R02 and R23 vs
κπν when G = 0.28 MeV, eπ = 1.5e, eν = −0.5e,
where energy ratio RJi =EJi/E21 .

The other energy ratios, R6102 =E61/E02 , R6103 =

E61/E03 , R02 = E02/E21 and R03 = E03/E21 are pre-

sented in Fig. 2. For the fixed parameters, the results

show that the level crossing-repulsion behavior indeed

occurs in R02 and R03 within the critical region of the

U(5)-SO(6) transition
[45]

. In general, there is the crit-

Fig. 2 The same as Fig. 1.
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ical point of the U(5)-SO(6) transition at which the

level repulsion occurs, while the level crossing point is

the critical point of the first order transition in the ex-

cited 0+2 and 0+3 states, which can be confirmed from

electromagnetic transitions from these two states to

the 2+1 or other low-lying states as discussed in the

IBM
[45]

.

The results for B(E2; 0+2 → 2+1 ), B(E2; 0+3 → 2+1 )

and B(M1;0+1 → 1+1 ), B(M1;2+5 → 2+1 ) are shown in

Fig. 3. The left panel of Fig. 3 shows that a typ-

ical behavior of the crossing-repulsion when κπν ∼
0.04 MeV/r40.

Fig. 3 (color online) B(E2) values (a) and BM1 values (b) vs κπν when G=0.28 MeV, eπ =1.5e, eν =−0.5e.

Fig. 4 provides some energy ratios and B(E2) val-

ues when κπν = 0.01 MeV/r40. One can see from the

left panel of Fig. 4 that R41 = 2.5 when G = 0 and

R41 =2.0 when G is lager than 0.2 MeV, where the de-

generate level structure of the vibrational states (U(5)

symmetric states in the IBM) can be produced very

well for larger G values. Hence, the γ-unstable and vi-

bration spectra were produced. Interestingly, we also

found that the crossing-repulsion behavior from the

right panel of Fig. 4.

Fig. 4 (color online) Some energy ratios (a) and B(E2) values (b) vs G when κπν =0.01 MeV/r40, eπ =1.5e, eν =−0.5e.

3.2 Vibration-rotation transitional patterns

The vibration-rotation transition is considered

within a system of Nπ = Nν = 3 in the gds shell
[22]

.

We set Gπ = Gν = G=0.2 MeV, eπ = 3eυ=1.5e. As

an approximation, κπ = κν with the absolute value

κπν = 2κσ. The single-particle energies that we used

with the same values in both the proton and neutron

sectors, that is, 2.99, 2.69, 0.963, 0.0, 0.0 MeV for

j = s1/2,d3/2,d5/2,g7/2,g9/2 levels
[21]

. From Fig. 5(a)

one can see that the energy ratio R41 = 2.0 and the

degenerate level structure of the vibrational states can

be produced very well before κσ 6 0.0025 MeV/r40,

while the level structure of the rotational states (SU(3)

symmetric states in the IBM) can be reproduced for

larger κσ values. Although R41 is smaller than 2.0

when κσ < 0.001 MeV/r40 and smaller than 3.33 when

κσ =0.02 MeV/r40, the general behavior of the nuclear

shape phase crossover from the vibrational to the ro-

tational phase can be produced. Fig. 5(b) shows that

the wiggling behavior of R41 from the vibrational to

the rotational phase becomes obvious with the increas-

ing of the number of the valence nucleon-pairs. The

crossover behavior of B(M1) is shown in Fig. 6. The

reason why the energy ratio R41 are always smaller

than the typical value for vibrational phase with 2.0 or

rotational phase with 3.33 is due to the pauli-blocking

effect, which plays an important role in producing the

collectivity of the low-lying states. If proton-neutron

coupled system is considered, the results will be close

to the typical values of the limiting cases in the IBM.
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Fig. 5 (color online) Energy ratios when Gσ=0.2 MeV,
eπ =3eυ =1.5e. (a) RJi =EJi/E21 for Nπ =Nν =3,
(b) R41 for Nπ =Nν =N =2,3,4.

Fig. 6 B(M1) transitions vs κσ when Gσ = 0.2 MeV,
eπ =3eυ =1.5e.

Fig. 7 provides energy ratio R41 and B(M1) tran-

sitions when κσ =0.005 MeV/r40. One can see from Fig.

7(a) that the wiggling behavior of R41 , the typical fea-

ture of the phase transitional pattern between SU(3)

and U(5), can be produced. It is shown that the rota-

tional phase can be produced when G = 0, and then

it changes quickly with G till G=0.2 MeV, after that,

it becomes saturate and close to the vibrational phase.

The wiggling behavior of R41 from rotational to vibra-

tional phase becomes obvious with the increasing of

the number of valence nucleon-pairs. While the behav-

ior of B(M1) transitions shown in Fig. 7(b) with the

variation of the control parameter is rather smooth.

Fig. 7 (color online) Energy ratio R41 for Nπ =Nν=N
=2,3,4 (a) and B(M1) transitions (b) vs G for
Nπ = Nν = 3, when κσ =0.005 MeV/r40, eπ = 3eυ
=1.5e.

4 Summary

In summary, the nuclear shape phase crossover

patterns are studied in the SD-pair shell model. Our

results show that the shape phase transitional patterns

shown in the IBM can also be produced in the SDPSM,

though only crossover is observed due to the fact that

the number of nucleon pairs is finite. With the in-

creasing of the number of valence nucleon-pairs, the

shape phase crossover will become more noticeable as

demonstrated by the IBM calculations.
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SD配对壳模型对质量数A∼130区原子核的形状渡越研究
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摘要: 利用SD配对壳模型研究了质量数A ∼130区原子核的低激发态性质。为了减少参数，模型采用了等强度对

力，取质子和中子对力强度等同近似，而非同类核子间的四极-四极相互作用强度取为同类核子间四极-四极相互作

用强度的两倍。计算结果显示，模型的振动-转动和振动-γ不稳定运动的形状渡越特征与相互作用玻色子模型对应的

形状相变特征基本吻合，从而说明SD配对壳模型是壳模型的一种合理近似。
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