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Abstract: Energy level density plays an important role in the study of kinetic and thermodynamic proper-
ties of nuclear physics. In this paper, shell model and the truncation algorithm are used to calculate the
lowest 10000 states of Sn isotopes. The number of holes and the number of particles in the !®Sn isotope
of Sn is 8, and the energy level is the most complex. According to the '°Sn energy level density, the rela-
tionship between energy level density and angular momentum and the microcanonical entropy of the sys-
tem are studied. It is found that the lowest average energy level under even parity has an obvious odd-
even effect of angular momentum, which can be reasonably explained by Pauli exclusion principle. Fur-
thermore, the properties of different Sn isotopes are studied and a similiar conclusion is obtained. The mi-
crocanonical entropy of %Sn is fluctuated by odd parity in the low energy band, which is related to the

fracture of neutron pairs.
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1 Introduction

In the theory of nuclear structure, it is of great
value to study magic nuclei and their nearby isotopes.
Jiang et al.lYl used different effective interactions to
study isotopes near 'O, which reduced the theoretic-
al error of shell model calculation to some extent.
Similarly, Qin et al.Z in their studies of '32Sn and its
nearby hole nuclei have found that different trunca-
tion in the large shell model calculation has a certain
influence on the energy level structure and electric
quadrupole transition in the nuclear region. Sn iso-
topes with proton magicity provide a unique oppor-
tunity to study the microscopic basis of various phe-
nomenological nuclear models. Mass number of Sn iso-
topes lies in between 100~132 with the neutron num-
ber being occupying the magic subshells between 50
and 82. Thus it allows to investigate that: (i) how the
closure of proton shell at Z=50 is maintained with
additional valence neutrons, (ii) how the collective
characteristics develop and the importance of many
body effects. Using the Holt et al. defined effective in-
teraction and the shell model based single particle en-
ergy, the basic spectral properties for heavy nuclei of
120-1308n isotopes are well described, and quite good
results are obtained for nuclei far away from 32Sn /3.
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Thus, making it very important to study the Sn iso-
tope chain and the energy spectrum of ''°Sn for un-
derstanding astrophysical events such as celestial col-
lapse, supernova or neutron star formation?l.

In the past, a large number of experimental and
theoretical studies have been carried out to explore
the structure, energy level density and some thermo-

dynamic properties of Sn isotopes[578].

The energy
level density can be used to describe the average
amount of the nucleus and to calculate the reaction
cross section and characteristics. Further, It is very
essential for understanding the nuclear synthesis of

[9710}, and can be used as an input parameter for

stars
neutron and proton capture reactions[ll], contributing
in studying the nuclear reaction rate in astrophysics.
The energy level density, mass and nuclear density
distribution of neutron-rich !24714°Sn nuclei are very
helpful in studying the direct neutron capture closely
12 The structure
of the energy level density is related to shell gap, the
Cooper pair of nuclei, or the change of nuclear shape.
In the low energy region of 5 MeV between ''°Sn and
132Qn | the increase of neutron number is very sensit-

ive to the change of shell structure. The study of this

related to the astronuclear physics

energy region can provide information about the shell

evolution in open-shell nuclei™ with increasing excit-
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ation energy and by interpolation of energy level dens-
ity involving phenomenological theory[14_15]. Energy
level density is not only the function of excitation en-
ergy, but also the starting point of extracting entropy,
temperature and heat capacity.

Without considering the cross-shell excitation,
this paper uses the modern realistic interaction and
shell model truncation to study the lowest 10000
states of 198-124Sn in the subspace of unpair nucleon
with generalized-seniority quantum number 8, which
can give the inner shell structure, as well as the angu-
lar momentum and parity related properties. Since
116Sn has the same number of holes in the isotope of
Sn as the number of particles, so the situation is more
complicated and is analyzed emphatically.

2 Shell model and generalized senior-

ity formalism

The light Sn isotopes between the closed shells
with N=50 and 82 is the longest chain that can be
calculated by the shell model ™%, With the increase in
size and number of valence nucleons and the broken
Cooper pairs, the space size of the exact shell model
will also increase. For heavy nucleus, the dimension
will increase even more, which will bring certain diffi-
culties to the calculation. The introduction of senior-
ity truncation can effectively reduce the matrix di-
mension! 718, By using the fast algorithm of general-
ized seniority and modern realistic interaction, the
real CD-Bonn nucleon-nucleon potential[lg] has been
calculated, and the perturbed G matrix method is
used to normalize the interaction, considering the core
polarization effect2). The lowest 10000 states (5000
of each parity) of '°®~'2*Sn in the subspace of un-
paired nucleons are calculated when the generalized
seniority truncates the quantum number 8.

For the model space, the orbits with proton num-
ber 50 and neutron number between 50~82 are selec-
ted, and the isospin symmetry condition is considered
in the effective Hamiltonian!'). Set subspace |S, M),
where S (S=S.+S5,, m, v represent protons and
neutrons, respectively) is the total generalized altera-
tion, M(M =M, + M,) is the total magnetic projec-
tion. The Hamiltonian H contains three parts:
H=H,+ H, + H,,(H,, isproton neutron interaction).
For this article, there are no valence protons, so the
proton part is not considered, only valence neutrons
are discussed. Partition calculation is used in the cal-
culation, which is more effective and faster than the
accurate shell model. The truncation of Generalized
seniority is consistent with the idea of condensation of
coherent pairs with the same pair of structures and

1] The Hamiltonian is taken from

has a smaller sizel
Ref. [16]. Common practice in the calculation of the
full configuration-interacting shell model is to express
the effective Hamiltonian with the energy of a single
particle and the numerical value of the two-body mat-

rix elements, see the following formula:
H = Z €0 N, ot
1 . . . . +
7 2 Gadsl Vi) sz Alragy Arrigsn . (1)

aBéyJT

where a={nljt} represents the single particle orbit-
als, €, represents the corresponding single particle en-
ergy; N, is the particle number operator; (jujs| V' |7,Js)
is a two-body matrix element coupled to a good spin J
and isospin T; (A;r)AL, is Fermion's annihilation
(creation) operator.

For the calculation of energy level density, differ-
ent models have been established before. Back at least
in 1936, Bethe proposed the Fermi gas model (FGM),
which is only applicable to high-energy areas'??. The
first model tested, the back-shifted Fermi-gas model
(BSFGM) contains three parameters a, o and E,. U
and J represent excitation energy and spin, respect-
ively[see Eq. (2)][23_27]. Then developed the standard
Bethe formula independent of a specific model to the
more generalized Bethe formula. The generalized for-
mula for double-closed shell 2°®Pb is better than the

28], the constant-temperature

29-30]

standard onel Later,
model (CTM) was proposed!

parameters E, and T, which can very well represent

There are two

the experimental data of Sn below the the neutron
separation energy. Considering pairing correlation,
shell effect, and collectiveness, generalized superfluid
model has appeared, and the energy density is shown.
However, this model ignores the rotating collective ef-
fect3!. The Oslo cyclotron group extracted the nucle-
ar level density by measuring ~-ray spectra below low

spin32733]

_ e {(2VRU-EN}U).

24\20a% (U — Ey)1

p(U, J) (2)

The thermodynamic quantity can be extracted by
the energy level density, and the microcanonical en-
tropy can be derived. The microcanonical entropy
S(F) is a measure of the number of ways to arrange
quantum systems under a given excitation energy.
The microcanonical entropy can be calculated accord-
ing to Eq. (3)[36], where (2(F) represents the multipli-
city [see Eq. (4)], po is determined by the ordered sys-
tem in which the ground state entropy of even-even
nuclei is zero. For ''%Sn, p,=0.135 MeV 11|
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S(E) = ks InQ2(E), (3)

(4)

3 Results discussion and analysis

In this paper, the energy level density has been
calculated according to shell model. The lowest
10000 energy levels are obtained in the neutron num-
ber 50~82 subshell. Red line in Fig. 1 represents the
calculated energy level density using the BSFG model
for the data taken from the Refs. [14, 26—27], and the
histogram in blue color represents the calculation per-
formed in the present work. A good agreement of en-
ergy level density in between the results can be seen
from the plotted data as a function of excitation en-
ergy. It can be seen from Fig. 1 that the energy level
density of ''®Sn shows an obvious ladder structure.
The microscopic calculation based on the seniority
number shows that the ladder structure in the energy
level density function can be explained by continu-
ously destroying the nucleon Cooper pair. The posi-
tion of the ladder structure in the excitation energy-
level density curve depends on the exact position of
the Fermi energy in the single-particle energy level
framework. The smoothness of the ladder structure
depends on the intensity of the seniority number non-
conservative interaction, such as the quadrupole-quad-
rupole interaction relative to the pairing interaction
and the average single particle energy level spacing.
At low energy, the energy level density is very small,
and there is an obvious fluctuation of energy level
density ratio when F <7 MeV. The 7.0~7.5MeV
level density ratio increases all the time. The energy
level density ratio increases slowly at higher energy.
According to the thermodynamic calculation of the ac-

0.10

I Cal

008k  — Ref[14]

0.06 -

0.04 -

Energy level density ratio/%

0.02 -

0.00 L L L
0 1 2 3 4 5 6 7 8 9
Excitation energy/MeV
Fig. 1 (color online) Variation of energy level density

ratio with excitation energy.

tual shell model single-particle spectrum, this conclu-
sion is also reached. The behavior of the total energy
level density near the closed shell can no longer use
this formula. From the calculated energy level dens-
ity diagram, it increases in logarithmic coordinates.

Fig. 2 discusses the variation of the angular mo-
mentum ratio with the mass number in the case of
high, medium and low angular momentum. The high
angular momentum (blue line) L > 10, the middle an-
gular momentum (red line) [ =6~10 increases with
the increase of the mass number, and the low angular
momentum (black line) [,=0~5 decreases with the in-
crease of the mass number. With the increase of the
number of masses and particles, more particles will
make a transition to the excited state orbitals, and
the total angular momentum after angular  mo-
mentum coupling increases, so the middle and high
angular momentum increases with the mass number.
Thus, utilizing the above mentioned phenomena, the
behavior of angular momentum ratio with increasing
excitation energy has been studied in case of the most
complex !1%Sn isotope. Fig. 3 selects ''°Sn to divide
the calculated 10000 states into low angular mo-
mentum (black line), middle angular momentum (red
line) and high angular momentum (blue line). The di-
vided three-segment angular momentum has a peak at
8MeV. The peak value at low angular momentum al-
most coincides with that at middle angular mo-
mentum, and the peak at high angular momentum is
also similar. Under the influence of Pauli exclusion
principle, low angular momentum is more likely to oc-
cur at low energy. At high energy, neutrons can ap-
pear in 16 different orbitals and are no longer af-
fected by the Pauli exclusion principle, so the probab-
ilities of middle, high and low angular momentum are
approximately equal.

0.50 -
0.45 1
£ 040F
g
= 035
2
£ 030}
£ 025}
=
5 020f
5 0.15F
<
0.10 —— L =0~5(low)
0.05F —— L=6~10 (medlum)
—— L >10 (high
0.00 1 1 1 1 1 (I g ) 1
108 110 112 114 116 118 120 122 124
A
Fig. 2 (color online) The variation of angular mo-

mentum ratio with mass number.
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Fig. 3  (color online) The distribution of angular mo-

mentum ratio under different excitation energies.

The three isotopes °%Sn, !'6Sn, and '?*Sn of Sn
are selected from light to heavy. The average values of
the lowest energy levels are drawn according to angu-
lar momentum and parity, as shown in Fig. 4. Even
parity and odd parity show different situations. The
odd parity decreases first and then increases with the
change of angular momentum, and the average of the
lowest energy level decreases to the lowest between
5 and 6 angular momentum. When the parity is even,
there is an obvious odd-even effect of angular mo-
mentum. The average value of the lowest energy level
is high for odd angular momentum, and low for even
angular momentum. Even parity and even angular
momentum reduce system energy. Different parity
brings different effects and energies. According to
Pauli exclusion principle, odd parity can offset the en-
ergy brought by angular momentum, while even par-
ity cannot. Even parity has high symmetry, and the
odd angular momentum destroys the symmetry, so
the energy is higher than the even angular mo-
mentum, so it has odd-even effect of angular mo-
mentum. As the angular momentum and mass num-
ber increase, the gap between the parity's odd-even ef-
fect decreases. When the number of valence particles

—
(=]

[ —— Evenparity |
—— Odd parity

Average energy level/MeV
— N W Bk LN 0 O

r 108§y T 16§y T 1248y ]

2 6 10 14 2 6 10 14 2 6
Angular momentum

10 14 18

S

Fig. 4  (color online) The average value of the lowest

energy level under angular momentum.

is small and the number of states is small, the odd-
even effect difference will be large according to the
Pauli exclusion principle. When the number of valence
particles is large, the Pauli exclusion effect is par-
tially offset, so the odd-even effect difference becomes
smaller. Similarly, for one of the isotopes, the parity
difference becomes smaller as the angular momentum
increases, due to the partial Pauli exclusion effect be-
ing offset.

The entropy can be calculated according to the
energy level density. In this paper, the microcanonic-
al entropy is calculated according to Eq. (5), and the
entropy divided by parity is shown in Fig. 5. The red
line is an even parity, the black line is an odd parity,
and the blue line is the case where parity is not distin-
guished. There is a peak around 8.7MeV, and then it
shows a downward trend. The entropy of even and
odd parity is in between 6.0~8.7MeV and is close to
coincide, indicating that parity distribution is sym-
metric. The odd parity fluctuates at low energies.
Without distinguishing parity, entropy is also af-
fected by the fluctuation of odd parity in the low-en-
ergy range, and there is a certain fluctuation. The
higher the energy, the greater the entropy, indicating
the greater the degree of confusion. The Z=50 of Sn
is a closed shell, which prevents the proton pair from
breaking, so it is possible that the neutron pair break-
ing causes the fluctuation of entropy.

nL— Even parity
—— Odd parity
—— Parity =all
10 -
8 -
<&
A 6}
4 -
2 -
0 1 1 1 1
0 2 4 6 8 10
E/MeV
Fig. 5 (color online) Entropy divided by parity.

4  Summary

In this paper, the shell model and truncation al-
gorithm are used to calculate the lowest 10000 states
of Sn isotopes, and the relevant properties of Sn are
studied based on the calculated results. The number
of holes and the number of particles in the Sn isotope
of '%Sn is 8. The energy level density of '%Sn is cal-
culated, and it is found that the curve with excita-
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