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Fission Barriers of Actinide Isotopes in the Exactly
Solvable Pairing Model
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Abstract: In this paper, we investigate the impact of pairing correlations on the fission barriers of Th, Pa, U, Np, Pu,
Am, Cm, Bk, and Cf isotopes using an exactly solvable pairing model. Our results show that the pairing correlation
plays a crucial role in determining the fission barrier height. Specifically, we find that the role of neutron and proton
pairing in fission barrier heights is not universal across all isotopes, and the exact nature of the interaction depends
on the specific isotopes being studied. Our calculated barrier heights are consistent with experimental data, and we
propose using the odd-even mass difference(ground-state properties) and barrier height(excited-state properties) as

experimentally observable quantities to determine the pairing interaction strengths in the fission process.
Key words: pairing correlation; fission barrier; algorithm of the Richardson-Gaudin solution
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0 Introduction

Exactly solvable models have played a fundamental
role in understanding the physics of strongly correlated
quantum systems in condensed matter and nuclear physics.
In nuclear physics, an exactly solvable model typically de-
scribes the dynamics of a particular nuclear shape phase by
writing the Hamiltonian as a linear combination of the
Casimir operators of subgroups in a group chain. Elliott
showed that the nuclear shell model(SM) admits SU(3)
symmetry, generating the collective rotational spectra of
deformed nucleil! 2!, Additionally, the U(6) interacting bo-
son model provides a good description of rotational nuclei
in the SU(3) limit, vibrational nuclei in the U(5) limit, and
gamma-unstable nuclei in the O(6) 1imitl* ). These ex-
actly solvable situations have been valuable in providing
benchmarks for describing the complex collective phenom-
ena that arise in nuclear systems.

Pairing correlation is a dominant residual correlation
in atomic nuclei that plays a crucial role in describing
ground-state properties, electromagnetic transition rates,
moments of inertial® ®], nuclear reactions!®), and particle
decay[lo]. The Richardson-Gaudin method, based on the
SU(2) quasi-spin symmetry, was first proposed by Richard-
son and provides a solvable pairing model'12]. Com-
pared to exact diagonalization, the Richardson-Gaudin
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model has no dimension limitation[!3~14], Recently, the ex-

actly solvable pairing model has been used to investigate
fission barriers and static fission paths in Th, U, and Pu iso-
topes, with the new iterative algorithm[w*m] indicating that
the impact of the pairing correlation differs during the fis-
sion process[”]. The calculated barrier heights of even-
even nuclei in Th, U, and Pu isotopes show that the exactly
solvable pairing model provides a better description of the
corresponding experimental barrier heights than the BCS
scheme, confirming that it can describe the static and dy-
namic properties of fissioning systems.

The main objective of this paper is to systematically
analyze the fission barriers of Th, Pa, U, Np, Pu, Am, Cm,
Bk, and Cf isotope chains within the exactly solvable pair-
ing model, wusing the efficient new iterative
algori‘[hm[15 161 we investigate the effect of the pairing in-
teraction strength on the fission barrier heights of the nuc-
lei considered.

1 Exactly solvable pairing model

The Hamiltonian of the exactly solvable pairing mod-
el has the following expression

FI:Zn:siﬁi—GZSi*S;, (1
i=1 ii’

where the sums run overall given i-double degeneracy

Foundation item: National Natural Science Foundation of China(12275115, 12175097); Basic Science Foundation, Educational Department of

Liaoning Province(LJIKMZ20221410)

Biography: GUAN Xin(1982-),female,Shenyangcity,LiaoningProvince,AssociateProfessor, Workingonnuclearstructure; E-mail: guanxin@Innu.edu.cn


https://doi.org/10.11804/NuclPhysRev.40.2023013
mailto:guanxin@lnnu.edu.cn

5 4 34 GUAN Xin et al: Fission Barriers of Actinide Isotopes in the Exactly Solvable Pairing Model 503 -

levels of total number n, the fermion number operator
n;= a,T +a , for the i-th double degeneracy level, the
single- partlcle energies {&;} obtained from the deform mean
field. G > 0 is the overall pairing interaction strength, and
S —a a [S7=(S})" =a;ay] is pair creation [annihilation]
operator. The up and down arrows in these expressions
refer to time-reversed states.

Based on the Richardson-Gaudin method[“_lz], the

exact k -pair eigenstates of (1) can be given as
ssvyy=S8* ()8 ()-8 (x) ), @)

where |v;) is the pairing vacuum state with the seniority v;,
here v, =0 for even systems or v, =1 for odd systems, in
which 7 is the label of the level that is occupied by an un-
paired single particle, namely, S;|v,)=0 and
Alvyy=08;vilv,) for all i. The additional quantum number &
is used to distinguish different eigenvectors with the same
quantum number k.

(E)
Z el ©)

where the spectral parameters x (u=1,2,---,k) are the
roots of the following Bethe ansatz equations (BAEs):

1+GZ 5 oe 26 Y R

=1 Xu
where the first sum runs over all i-levels and Q;=1-6;v;.
For each solution, the corresponding eigenenergy is given
by

k
E,(f) = Z Xf) +ViEp. %)
=1

Due to the presence of singularities, the non-linear
coupled Eq. (4) are notoriously difficult to solve, which
limits the application of the Richardson-Gaudin
method!'* 187191 A5 shown in Refs. [20-23], the solutions
of Eq. (4) can be found by solving the second-order Fuch-
sian equation !

A(X)P”(x)+ B(x)P'(x) - V(x)P(x)=0, (6)

A =TT1L (¥ - 2¢;) is an n-degree polynomial,

B(0/AN) == 1 (7)

i
@) G
< x)-2¢ G

V(x) are n—1 degree Van Vleck polynomials[ls], which
are determined by Eq. (6). It is defined as

n—1

V(x)= Z b, (8)
=0

The definition of the polynomials P(x) is given as

k k
Po=| J-x=>"ax ©)
=1 =0

in which & is the number of pairs, @; are the expansion
coefficients. When we set a;,=1 in P(x), the coefficient
a,., equals to the negative sum of the P(x) zeros,
=3k ¥ ff)_ E(E)
Moreover, when the value of x approaches twice of
the single-particle energy of a given level 6, ie., x=2¢&;,
Eq. (6) can be rewrite asl?1722]

X [(P’(285))_(P'(28,-))]
(P'(zsﬁ)) 1 (P'(zaﬁ)): Z P(2g5) P(2¢))

P(Q2¢e5) P(Q2¢e5) 2e5—2¢;

i#6

(10)
However, it is also challenging to get the root of the degree
k polynomial in Eq. (10). In Refs. [20—-21], by using Monte
Carlo sampling, random initial guesses of the coefficients
dy, -+ ,a;; within the boundaries have been used to obtain
the roots of the degree k polynomial. It is efficient when
the system is small, and few initial guesses ay, - -
to be solved simultaneously.

In Ref. [15], a new iterative algorithm is established
for the exactly solvable pairing model by solving the poly-
nomial approach in Eq. (10). This algorithm provides an ef-
ficient and robust method for calculating the eigenenergies
and eigenstates of Eq. (1) for both spherical and deformed
systems on a large scale. The new iterative approach be-
gins by guessing the initial values of ., in Eq. (10)
from a simple system with k=1 and n=1. The real form of
P°(x)=(ap+x) is then found using the Newton-Raphson
(NR) algorithm. The initial values af,a} for the k=2,n=2
case are determined as P°2(x)=P1(x)(x—2gs+r), where
the random number r is generated using a Monte Carlo
sampling box. By iterating this procedure k times, P;(x)
for the system with k pairs and n=k levels can be determ-
ined. The remaining n— k single-particle levels are then ad-
ded in the next step, and the exact pairing solutions of the n
-level and & -pair system are obtained. Using this new iter-
ative approach, the k-dimensional Monte Carlo sampling
procedure in previous workl?92!] has been reduced to a
one-dimensional sampling procedure. This allows us to
handle systems with 50 pairs and more than 100 levels un-
der existing computing conditions, which is sufficient to
address nuclear pairing problems. As a result, the exactly
solvable pairing model can now be applied to extensive
systems such as super-heavy nuclei.

,a; need

2 Numerical details

Our previous study has revealed the crucial role of
pairing correlation in fission barriers of Th, U, and Pu iso-
topesm]. The exactly solvable pairing model has been
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shown to be effective in investigating the properties of fis-
sioning systems. In this paper, we use the efficient new iter-
ative algorithm to systematically analyze the fission barri-
ers of Th, Pa, U, Np, Pu, Am, Cm, Bk, and Cf isotope
chains using the exactly solvable pairing model. The poten-
tial energy is calculated in the macroscopic-microscopic
frame, using the Cassini ovaloids shape parametrization
combined with the liquid drop model + Woods-Saxon po-
tential 24,

Geometrically, the Cassini ovaloids which is pro-
posed by Pashkevich(>*~ 3% are obtained by rotating the
curve around the z axis

12
,/a4+46z2/R(2)—z2/R3—6] , (11)

where z and p being cylindrical coordinates, R, is the ra-
dius of the spherical nucleus. The constant a is determined
by volume conservation, which means that the family of
shapes in Eq. (11) is only related to the elongation deforma-
tion parameter €.

The deviation of the nuclear surface from Cassini
ovaloids is defined by expansion of R(x) in series in Le-
gendre polynomials P, (x) (24, 26],

ROO=Ry[1+ )" auP()]. (12)

p(z,€)=R,

In the mac-mic framework, the total energy of a nucle-
us can be written as the sum of macroscopic and micro-
scopic terms as follows,

Emtal(NsZ, €, a'm) ZELD(N9Z) + EB(NaZ’ €, am)a (13)

where the macroscopic term E;p(N,Z) is approximated by
the standard liquid drop model with neutron number N and
proton number Z. When calculating the potential energy
surface, we only consider the energy ER(N,Z€,,) with
the shape parameter {€,a,,}.

EB(N’Z’ E7am) :Edcf(N’Z’ E7am)+
Eshell(N’Z’ Evam)+Epair(N’Z’ E,Clm)- (14)

Here, the deformation correction energy is defined as
Eyi(N,Z,€,a,)=[B,— 11E° +[B.— 11E°, where B, and B.
are functions of the {e, a,,l}[24] The spherical surface en-
ergy is written as E’=a,A? with ¢,=16 MeV. El=a. %
with a,=0.71 MeV, in which A is the mass number, is the
spherical Coulomb energy. The microscopic terms consist
of two terms, the shell correction energy E;‘]Q(N,Z, €,a,,)
proposed by Strutinsky[3 17321 Here, we consider 200
single-particle levels for the shell correction energy calcula-
tions. The pairing correction energy E;."(N,Z,€,a,,) is ob-
tained from Eq. (1) with doubly-degenerate levels, v(7t) de-
notes the neutron (proton) pairs. For the pairing correction
energy, we perform 29 single-particle levels around the

neutron Fermi level and 16 single-particle levels around the

proton Fermi level. The multi-dimensional potential en-
ergy surface is minimized in the elongation parameter e
and the multipole deformation parameters («,,,m=3,4,5,6)
simultaneously.

Generally, the pairing interaction strength is determ-
ined by the empirical formula or by fitting the odd-even
mass differences!®> 4], The recent study[”] reveals that
pairing correlation plays an essential role in the fission bar-
rier height. Therefore, the odd-even mass differences
(ground-state property) and the height of barriers (excited
states property) should be used as experimentally observ-
able quantities to determine the values for pairing interac-
tion strength in the fission process. In this work, realistic
values of pairing interaction strengths for isotope chains
considered are obtained by fitting the experimental odd-
even mass differences and the heights of the inner and out-
er barriers. The odd-even mass difference is defined as fol-
lows:

P(A):Etotal(N+ LZ) + Etota](N_ I’Z)_
2Etotal(N7Z)' (15)

Figure 1 shows that our model calculations accurately
reproduce the experimental odd-even mass differences for
235-245py and 241-20Cm isotopes with pairing strengths of
G’=0.12 MeV and G™=0.18 MeV, respectively.
However, for the 231-23%U isotopes, theoretical results show
a deviation from the experimental data. To investigate this
further, we analyzed the odd-even mass differences and the
height of barriers for the 231-239y isotopes using pairing in-
teraction strengths of G"=0.12(G™=0.18) MeV and
G"=0.15(G™=0.18) MeV, as shown in Fig. 2. We found
that the odd-even mass differences for the 224238U iso-
topes were reproduced remarkably well by the model calcu-

U —a— Theor.
2+ —A— Expt.
b N 7 \y NG
72 1
231 237 239
2Fpy
Q.
of . .,
-2
2+
240 242 244 246 248 250
A
Fig. 1 The odd-even mass differences (in MeV) for

231-2395235-245py and 241-20Cm, Experimental values

are denoted as "Expt.", which are taken from Ref. [35],
and theoretical values calculated in the exactly solv-
able pairing model are denoted as "Theor.". (color on-
line)
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lations with the pairing interaction strength G”=0.15
(G™=0.18) MeV, as shown in Fig. 2(a). On the other hand,
as shown in Fig. 2(b) and (c), the results of the inner and
outer fission barriers with G*=0.12(G™=0.18) MeV calcu-
lated in the current model are very close to the correspond-

ing experimental values. In this work, taking into account
the calculation results of the odd-even mass differences and
the height of barriers in Fig. 2, we determined that the real-
istic values of pairing interaction strengths for the U iso-
tope chains considered are G*=0.12 (G™=0.18) MeV.

4
—u— Expt.
—o— Theor.G", G*=0.12, 0.18 MeV U
5 | —9— Theor.G", G*=0.15, 0.18 MeV
LV 9 9. 9
) 9.
0+ * °
d
) > >
(a)
_2 1 1 1 1 1 1 1 1 1 10
231 232 233 234 235 236 237 238 239
2 N Expt. 1g s
§ —e— Theor.G*, G*=0.12, 0.18 MeV §
S —*— Theor.G", G*=0.15, 0.18 MeV 5
E 61 \-——.\l . n__ :: 46 E’
5 e 2 T i = B
g — . * " E
g 4L - \/'—°¢/ SN ~+ p—o— 14 &
G ./:ﬂ */* 33
Pl :
L =42
(b) (©
1 1 1 1 1 1 1 1 1 1
230 232 234 236 238 240 232 234 236 238 240
A

Fig. 2 The odd-even mass differences (in MeV), inner and outer fission barriers heights for U isotopes with given pairing interac-
tion strengths. Experimental values are denoted as "Expt." and the theoretical values calculated in the present model are de-
noted as "Theor.". Experimental data are taken from Refs. [35, 36] (in MeV). A typical uncertainty in the experimental values,

as suggested by the differences among various compilations, is of the order of +0.5 MeV

In this paper, we calculate the root-mean-square devi-
ation o (in MeV) of the odd-even mass differences to
measure the overall variation in a data set. By analyzing the
variation of o caused by increasing pairing interaction
strengths, we demonstrate that the odd-even mass differ-
ence can be used as an experimentally observable quantity
to determine the realistic values of pairing interaction
strength. The root-mean-square deviation o is defined as

N

o= | S

p=1

(16)

in which E[™ are the theoretical values, E,"™ are the cor-
responding experimental estimates. N is the number of the
experimental data involved. Table 1 displays that the root-
mean-square deviation decreasing from oy ~0.432 MeV to
oy~0.329 MeV by increasing the pairing strengths G™
from 0.10 to 0.12 MeV and G* from 0.15 to 0.18 MeV.
For Pu isotopes, when G”=0.15 MeV and G™=0.10 MeV,
the theoretical value of the odd-even mass difference devi-
ates from the experimental results with the root-mean-
square deviation op,=0.223 MeV. By increasing the
strengths to G*=0.12 MeV and G™=0.18 MeV, op, de-

361, (color online)

creases to 0.060 MeV. For Cm isotope chain, the value of
Ocm changes in a small region. G'=0.10 MeV and
G™=0.18 MeV seem to yield a better result. The results in
Table 1 observed that the odd-even mass difference can
serve as one of the effective quantities to determine the
neutron and proton pairing strengths.

Table 1
odd-even mass differences in given pairing strengths
(in MeV) for the 231-23%U, 235-245py and 241-230Cnm iso-

Root-mean-square deviations o (in MeV) of the

topes.
G"=0.10 G=0.10 G"=0.12
G™=0.15 G™=0.18 G™=0.18
oy 0.432 0.430 0.329
Opuy 0.223 0.046 0.060
OCm 0.027 0.019 0.033

3 Discussion

In our study, published in Ref. [17], we conducted a
systematic analysis of fission barriers and static fission
paths in Th, U, and Pu isotopes using the deformed mean-
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field plus standard pairing model. Our results indicate that
the pairing interaction plays different roles in different
stages of the fission processes. Specifically, for 226Th, we
found that the neutron pairing significantly affects the
height of the inner barrier, while proton pairing has a great-
er effect on the outer barrier height. Building on this ana-
lysis, we extended our study to include a systematic invest-
igation of fission barriers in nuclei spanning 2272327,
230-234p, 231-240 233238y, 235-245py 239-245 Ay 244249y
241-250C, and 230-233¢f isotopes. By varying the pairing
strength under our current model, we aimed to further elu-
cidate the role of pairing interactions in the height of barri-
er. The results in Table 2 show that the height of the inner
barrier is significantly affected by neutron pairing, while
proton pairing affects the height of the outer barrier in Th,
Pa, and U isotopes. For example, the root-mean-square de-
viation of the inner barrier changes by 30.9% in Th iso-
topes when the neutron pairing strengths G” is varied by
approximately 20%. In contrast, a variation of the proton
pairing strengths G™ by the same amount results in a
10.3% change in the root-mean-square deviation of the in-
ner barrier. For the outer barrier height, neutron pairing has
a 5.9% effect on the root-mean-square deviation, while pro-
ton pairing has a 40.0% effect when varied by approxim-
ately 20%.

Table 2
o (in MeV) of the theoretical barrier heights as com-

pared to the experimental value for the 227-232y,
230_234})3., 231_240U, 235'245Pu, 241—250(:rrl and 250—253Cf

Percentage change of root-mean-square deviation

isotopes when the neutron pairing strength (G”) and
proton pairing strength (G™) are varied by approxim-

ately 20%.
Cinner Cinner O outer Oouter
Nuclei
G’ ~20% G™=20% G"~20% G™=~20%

227-2341y, 30.9% 10.3% 5.9% 40.0%
230-234p, 35.5% 16.1% 19.8% 39.3%

231-240(5 125.6% 41.4% 12.8% 57.1%
235-245p,, 24.6% 22.0% 6.52% 10.9%
2412500 28.7% 65.5% 22.3% 4.9%
250253 67.7% 105% 77.5% 37.6%

In contrast, for the Pu isotopes, we found that the
height of the inner and outer barriers is affected equally by
neutron and proton pairing. Specifically, a variation of ap-
proximately 20% in the pairing strengths G* and G™ res-
ults in a 24.6% and 22.0% change in the height of the inner
barrier, respectively, and a 6.52% and 10.9% change in the
height of the outer barrier.

Interestingly, our analysis of the heavier isotopes of
Cm and Cf shows that the role of neutron and proton pair-

ing in fission barrier heights is reversed compared to the
Th, Pa, U, and Pu isotopes. Specifically, our results indic-
ate that neutron pairing has a greater influence on the height
of the outer barrier, while proton pairing has a greater influ-
ence on the height of the inner barrier. For example, when
the neutron pairing strength G is varied by approximately
20%, the root-mean-square deviation of the inner barrier
height changes by 67.7% for Cm isotopes, while a vari-
ation of the proton pairing strength G™ by the same amount
results in a 105.0% change in the height of the inner barrier
for Cm isotopes.

These findings indicate that the role of neutron and
proton pairing in fission barrier heights is not universal
across all isotopes. Instead, the effect of pairing interac-
tions can vary significantly depending on the specific iso-
topes being studied.

Following the previous analysis!!”], we advance a sys-
tematic study on fission barriers of nuclei 227232,
230:-234p,, 231240 233238y, 235-245py; 239-245 7 1, 244-249p
241-250Cm and 230-233¢f isotopes with the pairing strength
parameters G”’=0.12 MeV and G™=0.18 MeV under the
current model. The root-mean-square deviation o of the
fission barrier height is used to measure the overall vari-
ation in theoretical values. As shown in Table 3, the devi-
ations of the calculated inner barrier heights from the ex-
perimental estimates systematically less than 0.5 MeV
Timner < 0.5 MeV, except for Th and Pa isotopes. While the
calculated outer barrier heights yield an excellent agree-
ment of the experimental data in those isotope chains,
namely, 0 < 0.201 MeV.

Table 3  Root-mean-square deviation o (in MeV) of the
theoretical barrier heights as compared to the experi-
mental value for the 227'232Th, 230’234Pa, 2 l'240U,
233-238Np, 235-2451311, 239'245Am, 244-249Bk, 241-250Cm

and 20-233Cf isotopes.

Nuclei Cinner T outer Ttotal
227-2321y, 2.269 0.462 1.366
230-234p, 1.449 0.146 0.797
231-240y 0.422 0.290 0.356
233-238Np 0.068 0211 0.139
235-245p, 0.362 0.463 0.412
29245 A m 0.171 0.722 0.447
21250c 0.277 0.657 0.467
244-2491 0.063 0.367 0.215
250-253p 0.214 0.108 0.161

Figures 3~5 shows that the theoretical barrier heights
calculated by our model for the actinide isotope chains con-
sidered are close to the experimental estimates. The de-
tailed results presented in Table 3 reveal that the deviations
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of the calculated inner barrier heights from the experiment- over, the calculated outer barrier heights show excellent
al estimates are systematically less than 0.5 MeV agreement with the experimental data in those isotope
(Timner < 0.5 MeV), except for Th and Pa isotopes. Mover- chains, with oy, < 0.201 MeV.
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Fig.3 Calculated inner and outer fission barrier heights for 2272321y, 230-234py and 231-240U. Theoretical values are compared to

the experimental data in Ref. [36] (in MeV). (color online)
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the experimental data in Ref. [36] (in MeV). (color online)

In many other theoretical studies, the calculated inner
barrier heights of light Th and Pa isotopes are also system-
atically lower than the experimental estimatesl*®~*%]. Based
on the analysis above, we conclude that neutron pairing sig-
nificantly impacts the inner barrier height for Th and Pa.
The significant deviation in the inner barrier height of Th
and Pa in Fig. 3 may be due to the strong neutron pairing
interaction strength adopted. This observation may provide
new insights and understanding of the mentioned anomaly
for light actinides.

However, we acknowledge that there are conceptual
difficulties in comparing calculated and experimental es-
timates due to the multi-dimensionality problem, i.e., the
theoretical description of the fission process relates to a
large number of deformation parameters. In addition, our
study needs to provide more information on the effect of
the proton and neutron correlation on the fission barrier
height. Therefore, further verification of this hypothesis is
necessary.

In particular, as shown in Fig. 4 for the Pu isotopes
and Fig. 5 for the Cm isotopes, the theoretically calculated
inner barrier heights exhibit odd-even staggering. Further-
more, as demonstrated in Fig. 6 (red points), the odd-even
staggering vanishes when the pairing correction energy is
neglected. This result confirms that the odd-even stagger-
ing of the inner barrier heights for Pu and Cm isotopes is
indeed caused by the pairing interaction.
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Fig. 6 Calculated inner fission barrier heights for 233-243py

and 2 Cm. Theoretical values and theoretical val-
ues without the pairing correction energy compared to
the experimental data in Ref. [36] (in MeV). (color on-
line)

Based on the results presented in this paper, we re-
commend using the odd-even mass differences (a ground-
state property) and the height of barriers (an excited-state
property) as experimentally observable quantities to de-
termine the realistic values for pairing interaction strengths
in the fission process. Numerical analysis of these observ-
ables can provide further insights into the impact of proton
and neutron correlations on the fission barrier height.
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4 Conclusion

The study investigates the impact of pairing correla-
tions on the fission barriers of Th, Pa, U, Np, Pu, Am, Cm,
Bk, and Cf isotope chains using the exactly solvable pair-
ing model. The results show that pairing correlation is a
significant factor in determining the fission barrier height,
with varying impacts on different isotopes. For instance, in
Th, Pa, and U isotopes, neutron pairing affects the height of
the inner barrier, while proton pairing affects the outer bar-
rier. On the other hand, in Pu isotopes, neutron and proton
pairing affects both inner and outer barriers equally. Inter-
estingly, the study finds that the role of neutron and proton
pairing in fission barrier heights is reversed in heavier iso-
topes of Cm and Cf compared to lighter isotopes like Th
and Pa. Specifically, neutron pairing influences the outer
barrier height, while proton pairing affects the inner barrier
height in Cm and Cf isotopes.

The study highlights the non-universal effect of pair-
ing interactions on fission barriers across different isotopes,
indicating that the exact nature of the interaction depends
on the specific isotopes under study. The calculated barrier
heights using the current model agree well with experi-
mental data. The study suggests using odd-even mass dif-
ferences and barrier heights as experimentally observable
quantities to determine pairing interaction strengths in the
fission process. However, the impact of self-consistent shell
effects on fission barriers is not studied in this paper, which
is an important consideration. Future work could explore an
empirical formula for the pairing interaction strengths re-
lated to elongation deformation and fit experimentally ob-
servable quantities, such as odd-even mass differences, bar-
rier heights, total kinetic energy distributions of fragments,
and mass distributions, to further advance our understand-
ing of fission barriers.
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